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Introduction 


At the entry for Mathematical analysis, our modern source of truth— 





Wikipedia—says 


Mathematical analysis is the branch of mathematics dealing with lim- 
its and related theories, such as differentiation, integration, measure, 
infinite series, and analytic functions. 

These theories are usually studied in the context of real numbers 
and functions. Analysis evolved from calculus, which involves the 
elementary concepts and techniques of analysis. Analysis may be 
distinguished from geometry; however, it can be applied to any space 
of mathematical objects that has a definition of nearness (a topological 
space) or specific distances between objects (a metric space). 





IN THIS SENSE, Our course will focus on generalizing the concepts of 
differentiation, integration and, up to some extent, differential equa- 
tions on spaces that are more general than the standard Euclidean 
space. 

This said, the Euclidean space R” is the prototype of all manifolds: 
it won't just be our simplest example, we will see that locally every 
manifold looks like a Euclidean space. 

Euclidean spaces, and the Riemannian charts that you encoun- 
tered in the Geometry course, have a very strong property: they 
can be described with a set of global coordinates. Even though this 
means that all computations are explicit, it does make it harder to 
distinguish intrinsic’ concepts. Manifolds will force our hand to 
work in a coordinate-free setting. We will see that this will unleash a 
surprising power that will allow us to lay the foundation for a lot of 
the mathematics that will come in the rest of the curriculum. 

These notes will focus on fundamental methods of differential 
geometry, in particular we will discuss manifolds, differential forms, 
integration, with a wink to the study of vector fields and topology 
via cohomology. If the time permits it, we will give a brief tour of 
Lie groups and Lie algebras, Riemannian metrics and the notion of 
curvature, or of distributions and Frobenius theorem, depending on 
the preferences expressed in class. Throughout the course and the 
text, I will try to give particular emphasis on the usefulness of these 
topics in the mathematics of mechanics and their relevance in certain 
aspects of topology and field theory. 

The course relies heavily on your knowledge of linear and mullti- 
linear algebra, multivariable analysis and dynamical systems. This 
should not come as a surprise: differential geometry studies the 


*Le. independent from the choice of 
coordinates. 
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natural space in which analysis, in the sense of derivation and in- 
tegration, can be performed, and was born together with classical 
mechanics, somehow as unique discipline, before these started di- 
verging on their own paths. 

An old mathematical joke says that 


differential geometry is the study of properties that are invariant 
under change of notation. 


Sadly, this is funny because it is alarmingly close to the truth?. You 





will soon see that different references use different notations. I'll 
try to stick to the ones you used in the past courses when possible, 
falling back to [Lee13] and [Tu11] and to my personal preference 
when the latter disagree. 


THESE LECTURE NOTES are by no means comprehensive. As a ref- 
erence you can use to the former course textbook [Tu11] or you can 
refer to [Lee13]. You should have access to both books via the Uni- 
versity library and, in addition, Lee’s ebook can be downloaded via 
the University proxy on SpringerLink. 

The book [MclI13] is a nice compact companion that develops 
most of the concepts of the course in the specific case of R” and 
could provide further examples and food for thoughts. The books 
[Nic20]3, [Cra+13] and [Nanz21], freely available from the authors’ 
website, are not really suitable as references for this courses but 
provides fantastic resources for the readers that want to dig further 
and see where the material discussed in the course can lead. Finally, 
a colleague mentioned [Lanoz2]. I don’t have experience with this 
book but from a brief look it seems to follow a similar path as these 
lecture notes, so it might provide yet an alternative reference after 
all. 

The idea for the cut that I want to give to this course was inspired 
by the online Lectures on the Geometric Anatomy of Theoretical 
Physics by Frederic Schuller, by the lecture notes of Stefan Teufel’s 
Classical Mechanics course [Teu13] (in German), by the classical 
mechanics book by Arnold [Arn89] and by the Analysis of Manifold 
chapter in [Thio3]. In some sense I would like this course to provide 
the introduction to geometric analysis that I wish was there when I 
prepared my first edition of the Hamiltonian mechanics course. 

Iam extremely grateful to Martijn Kluitenberg for his careful 
reading of the notes and his useful comments and corrections, and 
to Bram Brongers* for his comments, corrections and the appendices 
that he contributed for these notes. 

Many thanks also to Huub Bouwkamp, Mollie Jagoe Brown, 
Anna de Bruijn, Wietze Koops, Henrieke Krijgsheld, Levi Moes, 
Nicolas Moro, Luuk de Ridder, Lisanne Sibma, Jordan van Ekelen- 
burg, Hanneke van Harten, Marit van Straaten, Dave Verweg and 
Federico Zadra for their comments and for reporting a number of 
misprints and corrections. 


2 Cit. Lee [Lee13]. 


In addition to the reference books, 
these lecture notes have found deep 
inspiration from [Mer1g9; Teu13; Hit14 | 
(all freely downloadable from the 
respective authors’ websites), and from 
the book [AMRog]. 


3 Beware of typos, there are many. 


4 You can also have a look at his bach- 
elor thesis to learn more about some 
interesting advanced topics in differen- 
tial geometry. 


Einstein summation convention 


As will become clear soon, sums of the type >), x’e; are unavoidably 
appearing all over the place when working on manifolds. There- 
fore, throughout these notes we will apply the Einstein summation 





convention: if the same index® appears exactly twice in a monomial 
term, once in the lower and once in the upper index position, then 
that term is understood to be summed over all possible values of 
that index®. 

For instance, the expression 


ad by exek 


is a shorthand for 
y a’d BF €j€k- 
ik 


In general, we will use lower indices for basis of vector spaces’, 
and upper indices for the components of a vector with respect to a 
basis®. 

Note that an upper index “in the denominator” is regarded as a 


lower index, so the following are to be considered equivalent: 
yee ee 
i cl 


In fact, the expressions below are all equivalent and commonly used 
in the differential geometry literature: 


A 


gee? 


fa) 
Tes aed 
J Ox" Ox? 





a’ Opi = a' Oj. 





a 








> For example, 7 in the summation 


Yi, ve. 


® Usually from 1 to the dimension of 
the space in question. 


7 E.g., (€1,-.-,€n) could be the stan- 
dard basis of R”. 


5E.g., the ith-coordinate x' of x € R”. 


Since the coordinates of a point x € R” 
are also its components with respect 
to the standard basis (e1,...,e€n), 

for consistency they will be denoted 
(z1,..., 2") with upper indices. 


1 
Manifolds 


IN THE FIRST TWO YEARS Of your mathematical education, you have 
become familiar with calculus for functions and vector fields on R”. 
As I mentioned in the introduction, euclidean spaces will be our 
prototypical example. However, the generalization of calculus to 
curved spaces will require us to carefully isolate the mathematical 
structures associated to the various concepts. This process will help 
us to discover the rich geometric structure that lies at the root of 
derivation and integration, which ultimately is of great mathemati- 
cal interest and has revolutionized mathematical physics. 

If you think carefully, this abstraction step was already in the air. 
Think about the concept of continuity. 


1. (High school) A function f : R > R is continuous if you can draw 
it without lifting your pen from the page. Then, the derivative 
f'(x) of f at a point z is just the slope of the function f at the 
point x. 


2. (Analysis) A function is continuous if its left and right limits at 
each point exist and have the same value. Then, f : R — Ris 
differentiable at a point « if the limit 


h-0 h 


exists, and is continuously differentiable if « > f’(x) is itself a 





continuous function. 


3. (Multivariable analysis) You generalized the concepts to func- 
tions with more than one variable. Continuity is practically un- 


changed but, now, a continuous function f = (f!,...,f™):R" > 
R™ is differentiable at z = (x',...,2”) € R” if there is a linear 
map’ T : R” — R”™ such that 1That is, Tisam x n matrix with 


respect to some chosen basis. 
sien We th) = F(x) = TAL _ 


0. 1.1 
\n|—o ||>] On 





? This is sometimes called (total) 
differential in multivariable analysis, 
The map Df(«x) := T is the total derivative? of f and is nothing but this terminology may become a 
source of confusion for us. 
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else than the Jacobian matrix of f at the point z, that is 











S(2) -- $0) 
Df(x£) = ‘ ee : . (1.2) 
F() + £e(a) 
The notion of continuous differentiability is unchanged?3, and in 3 Note how the spaces are changing 


though: since it takes values in the 
: space of m x n matrices, the differential 
functions. x + Df(zx) is in fact a mapping of 


IR? — R™xn, 


fact form = n = 1 it coincides with the one you gave for real 


4. (Metric and topological spaces) A map f : X — Y between 
topological spaces is continuous if preimages of open sets under 





f are open. More explicitly, f is continuous if for every open set 
OY, f~!(O) c X is an open set. 


If X and Y are metric spaces, then this reduces to the definition 
given above. But how can we make sense of differentiability in 
this case? 


If you have taken a course on calculus of variations, you know 

that you can make sense of (1.1) and give a notion of differentia- 

bility in the case X and Y are Banach spaces‘. In general, a topo- + Complete normed vector spaces. 
logical space is not a vector space: there is no notion of adding 

points and, least of all, one of linearity. 


This is where differential geometry comes into play. The rest of 
this chapter will be devoted to the introduction of smooth manifolds, 





which are a class of topological spaces on which it is possible to 
make sense of the notion of differentiation—even though they are 
not necessarily vector spaces—and which allows us to reason in a 
way that will not depend on the way we define coordinates on them. 
We will do this in two stages. First we will introduce topological 
manifolds, which are topological spaces that locally look like eu- 
clidean spaces. Then we will endow topological manifolds with a 
so-called smooth structure. This will allow us to define differentiabil- 





ity and smooth manifolds?. 5 These will just be topological mani- 
Without further ado, let’s get started. folds with a smooth structure. 





1.1 Topological manifolds 


SINCE TO SPEAK OF CONTINUITY WE NEED TOPOLOGICAL SPACES, 
it may be a good idea to remind you what they are and set some 
notation. I will be very brief: if you need a more extensive reminder, 
you can refer to Appendix A of either [Tu11] or [Lee13]. 


Definition 1.1.1. Let _X be some set and 7 a set of subsets of X. A 








pair (X,7) isa topological space® if ® In such case the elements O € T of T 
are all subsets of X called open subsets 

(i) X and g are open, ie., X € T and GET; and T is a topology on X. 
(ii) arbitrary unions of families of open subsets are open; 7 It is equivalent to require the intersec- 


tion of any two open subsets to be open. 
(iii) the intersection of finitely many’ open subsets is open. (Why?) 


% 


With topological spaces at hand, we can give a definition of conti- 
nuity and introduce a way to compare topological spaces. 


Definition 1.1.2. A map f : X — Y between two topological spaces 
(X,7) and (Y,U) is called: 


e continuous if U € U implies that f~'(U) € T, that is, preimages of 
open sets under f are open; 


e homeomorphism if it is bijective’ and continuous with continu- 





ous inverse. 


Definition 1.1.3. A topological space (X, 7) is Hausdorff if every 
two distinct points admit disjoint open neighbourhoods. That is, for 
every pair x # y of points in X, there exist open subsets U,,U, € T 
such that x € Uz, y € Uy and Uz 0 Uy = ©. © 


Topological spaces are extremely general, as such they may have 
very inconvenient—someone may say nasty—properties. You can 
see this for yourself with the following exercise. 


Exercise 1.1.4. e Let X be an arbitrary set. Show that T := {@, X} 
defines a topology on X, called the trivial topology. Show that 
on (X,7) any sequence in X converges to every point of X, and 
every map from a topological space into X is continuous. 


e Let X be an arbitrary set. Show that TJ := P(X) := {A| Ac X}, 
the powerset of X, defines a topology on X, called the discrete 
topology in which every map f : X — Y to some other arbitrary 
topological space (Y,U/) is continuous. 

Ww 


Hausdorff spaces are still rather general: in particular, any metric 
space with the metric topology? is Hausdorff. 


Definition 1.1.5. A topological space (X,7) is second countable 





if there exists a countable set B < 7 such that any open set can be 
written as a union of sets in B. In such case, B is called a (countable) 
basis for the topology T. > 


Exercise 1.1.6 (Euclidean space R”). Let’s consider on R” the metric 
topology” induced by the euclidean metric d : R” x R” — [0, +00), 


d(x,y) := +/j;_, (2 — y*)?. Show that the topological space defined 
on R” is Hausdorff and second countable. * 


Definition 1.1.7 (Topological manifold). A topological space M is 
a topological manifold of dimension n, or topological n-manifold, if 





it has the following properties: 
(i) M is a Hausdorff space; 


(ii) M is second countable; 
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8T.e., a one to one correspondence. For- 
mally it means that it is both injective 
and surjective. 


The existence of a homeomorphism 
between two spaces can be thought 
as those spaces being equivalent in 

a loose sense: they can be deformed 
continuously into each other. 


9 Recall that in a metric space X the 
metric topology is defined in the 
following way: aset U c X is called 
open if for any x € U there exists € > 0 
such that U fully contains the ball of 
radius € around z. 


10 See comment above. 


™ From now on, if we say that X isa 
topological space we are implying that 
there is a topology 7 defined on X. 


Note that the finite dimensionality 

is a somewhat artificial restriction: 
manifolds can be infinitely dimen- 
sional [Langg]. For example, the space 
of continuous functions between mani- 
folds is a so-called infinite-dimensional 
Banach manifold. 
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(iii) M is locally euclidean of dimension n, that is’*, for any point 





p€ M there exist an open subset U c M with p € U, and open 
subset V c R” and a homeomorphism y: U — V. 


Notation 1.1.8. Reusing the notation of the definition above, we call 
(coordinate) chart the pair (U, y) of a coordinate neighbourhood U 








and an associated coordinate map’? y : U —> V onto an open subset 
V = y(U) C R” of Rk”. Furthermore, we say that a chart is centred at 
peU if y(p) =0. ©) 


“xe (Pp) 








X= YERI= CCG) | x*CPID 


Don’t get scared by conditions (i) and (ii) in the definition of 
topological manifolds: they are only needed to make sure that there 
are not too few open sets (Hausdorff) and not too many (second 
countable). 


Example 1.1.9. With our definition, a countable collections of points 
with the discrete topology is a 0-dimensional topological manifold. 
An uncountable collection of points with the discrete topology, how- 
ever, is not! % 


Example 1.1.10. R” is trivially*4 a topological manifold of dimension 
n. More generally, any n-dimensional vector space’ is a topological 
n-manifold. 0 


Exercise 1.1.11 (The line with two origins). Even though R” with 
the euclidean topology is Hausdorff, being Hausdorff does not fol- 
low from being locally euclidean. A famous counterexample is the 
following”®. 

Let A;, Ag be two points not on the real line R and define M := 
(R\{0}) U {Aj, Ag}. Induce a topology on M by taking as basis the 
collection of all open intervals in R that do not contain 0, along with 
all the sets of the form (—a,0)U{A;}U (0, a) and (—a,0)U{A2}uU (0, a), 
for a > 0. 


1. Check that this forms a basis*” for a topology on M. 


2 In words, any point p € M hasa 
neighbourhood that is homeomorphic 
to an open subset of R”. 


*3 Or coordinate system. 


Figure 1.1: Being locally euclidean 
allows to define coordinates on the 
manifold, that is, a mapping between 
the manifold and the euclidean space. 


4 Use Exercise 1.1.6 and the global 
chart (R”,idpn ), where idpn (x) := x 
is the identity on R”. 





* In fact, any open subset of a n- 
dimensional vector space. 


*6 See also [Lee13, Problem 1-1] and 
[Tu11, Problem 5.1]. 


Aa 
R_ 7 R, 


Figure 1.2: A locally euclidean space 
which is not Hausdorff. 


7 That is, the basis elements cover MZ 
and for any B,, Bo on the basis, for all 
a é€ I = By, cn Bo, there is an element 
Bz of the basis such that x € B3 and 
B3c I. 


2. Define the two charts 


xc ift#A,; 
3? (R\{O}) V {Aj} >R, Gy(@) = Ty ga: 


Show that y; and y2 are homeomorphisms with respect to the 
aforementioned topology. 


3. Show that M is locally euclidean and second countable but not 
Hausdorff. 


x 


Example 1.1.12. The closed unit ball D; (0), where similarly as before 





D,(x) := {zER” | d(z,x) <r}, 


is not a topological manifold of dimension n. Can you see why? In 
fact, this is an example of a more general concept of manifold with 


boundary that we will introduce later in Chapter 1.5. © 
Example 1.1.13. Consider the set M := {x € R? | |a| = |a?|} with 


the topology induced by R?: this is not a topological manifold. Since 
the number of connected components is invariant under homeomor- 
phisms, open connected neighbourhoods of (0,0) € M cannot be"® 

homeomorphically mapped to open connected sets in R. 0) 


THERE IS STILL AN ELEPHANT IN THE ROOM inneed of a comment. 
In our definition of topological manifolds, we are taking for granted 
that the dimension of the manifold is well-defined, that is, if we 

have two different charts, y; : U > R”" and v2 : U > k™, then nec- 
essarily m = n. Luckily this is true’?! The result is called Invariance 
Domain Theorem and, since its proof requires advanced concepts of 





topology, we will not pursue it further in the course”°. 


1.2 Differentiable manifolds 


Before entering into the details of new definitions, let’s recall what 
will be the most important tools throughout the rest of the course. 


Definition 1.2.1. A map f : U — V between open sets U c R” and 
V c R” isin C’(U,V) or of class C’, if it is continuously differen- 
tiable r-times. It is called a C’-diffeomorphism** if it is bijective and 
of class C" with inverse of class C”. We say that f is smooth, or of 
class C™, if it is of class C” for every r > 1. © 


Theorem 1.2.2 (Chain rule). Let U c R" and V c< R* be open sets and 
f:U—>R*,g:V — R™ two continuously differentiable functions such 
that f(U) < V. Then, the following holds. 


(i) The function go f : U c R” — R™ is continuously differentiable 
and its total derivative (1.2) at a point x € U is given by 


D(go f)(@) = (Da)(f(2)) o DF(@). 
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8 A drawing of M is worth more than a 
hundred words. 


9 There is a caveat, the theorem holds 
for connected components of a man- 
ifold. If you consider two distinct 
connected components, you can indeed 
have different dimensions for each of 
them. 

20 We will sketch, however, an alterna- 
tive argument based on cohomology 
invariance in Remark 7.7.16. 


» With this definition a homeomor- 
phism is a C°-diffeomorphism 
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(ii) Denote x = (z1,...,2") € R° andy = (y',...,y*) © R* the 
coordinates on the respective euclidean spaces and f = (f!,..., f*) 
and g = (g',...,g™) the components of the functions. Then the 
partial derivatives of g 0 f are given by?” 











do kon r 
eg f@=3 “Gey“He, l<i<m,1<j<n. 


Oxd 


Theorem 1.2.2 has some very deep consequences. 


Exercise 1.2.3. Under the hypotheses of the previous theorem, prove 
the following statements. 


1. composition preserves the regularity: that is, the composition of 
functions of class C” is itself a function of class C; 


2. if f: U CR” > V CR” isa diffeomorphism, then n = m. 


Hint: is Df (x) an invertible matrix? If so, what is its inverse? * 


Since differentiability is a local property and topological mani- 





folds are locally like euclidean spaces, it seems reasonable to expect 
that we can lift the definitions directly from R” using the charts to 
obtain functions between euclidean spaces: for example, if we are 
given a continuous map between two topological manifolds, we can 
locally view it as a continuous map between two euclidean spaces. 
Generalizing this further, we could conceivably say that our original 
map is differentiable if the local map is. 


AS USUAL, THE DEVIL IS IN THE DETAILS: a topological manifold 
is only homeomorphic to a euclidean space, and a different choice 
of homeomorphism might affect whether the local map is differen- 
tiable or not. We need to take extra care to ensure that these lifted 
definitions keep making sense when we use different charts that 
overlap. 

The solution is to introduce a little more structure to the problem. 


Definition 1.2.4. We say that two charts (UV), 1) and (U2, y2) ona 
topological manifold M are compatible if either U; 1 Uz = @ or if 


the transition map*3 
y1 0 ~y" : g2(U1 0 U2) > vi (U1 2 U2) 
is a smooth diffeomorphism. o 


With these at hand, let’s jump into the definition of smooth mani- 
folds. 


Definition 1.2.5. A smooth atlas is a collection 
A= {Ya : Ua > Va | ae A} 


of pairwise compatible charts that cover?+ M. 
Two smooth atlases are equivalent if their union is also a smooth 
atlas. That is if any two charts in the atlases are compatible. > 


»2 Using Einstein’s notation, this could 
be written as 
a(g' 0 f) 


Oxd 





(x) = 


3 Both the composition maps 11 9 yy ‘ 
and y2 0 ~,- are called transition 
maps. Both maps are necessarily 
homeomorphisms since 1 and 2 are. 


74T.e. such that M = UgeaUa. One 
calls the set {Uq | a € A}, covering 
M with open sets, an open cover of 
M. Here A is some index set, not 
necessarily countable. 
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d, (vu, nN U2) 


Figure 1.3: Charts are compatible if 
they coincide on the intersections of 
Exercise 1.2.6. Show that the equivalence of atlases is really an equiv- their coordinate neighbourhoods. 
alence relation. * 
The union of all atlases in a differen- 
tiable structure is the unique maximal 
atlas in the equivalence class. There 





Definition 1.2.7. A differentiable structure, or more precisely a 








smooth structure, on a topological manifold is an equivalence class is a one-to-one correspondence be- 

of smooth atlases. >) tween differentiable structures and 
maximal differentiable atlases [Lee13, 

Notation 1.2.8. By a chart (U, y) about p in a manifold M we meana Proposition 1.17]: for convenience and 





to lighten the notation, from now on, 





chart in the differentiable structure of M such that p ¢€ U. © we will always regard a differentiable 
structure as a differentiable maximal 

Definition 1.2.9. A smooth manifold of dimension n is a pair (M, A) atlas without further comments. 

of a topological n-manifold M and a smooth structure A on M. 0) 


There are no preferred coordinate 


In colloquial language, a differentiable manifold is just a space charts on a manifold: all coordinate sys- 
tems compatible with the differentiable 


covered by charts with differentiable transition maps. Note that not siete ate oneaaaliocting 


all topological manifolds can be made into smooth manifolds, but 
counterexamples are hard to construct and you need at least to go to 
dimension 4 (more on this on Remark 1.3.20). 


Notation 1.2.10. Whenever possible we will omit the differentiable 
structure A from the notation and just write M@. We may write M” 
when we want to emphasize that the dimension of M is n. 0) 


Exercise 1.2.11. Show that on a second countable differentiable mani- 
fold it is always possible to find a countable atlas. Ww 


Exercise 1.2.12. R"™ with the standard smooth structure A = {(R”,idpx)} 
is trivially a smooth manifold of dimension n. In fact, any open sub- 
set U < Rk” can be made into a smooth manifold in a natural way 

with the atlas A = (U,idge |v). 
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In the same way, show that any open subset U of a smooth mani- 
fold M is asmooth manifold. Which atlas would you choose? 

More generally, if V is any n-dimensional real vector space, 
then the standard smooth structure on V is the one induced by the 
smooth atlas consisting of a single chart (V, 7’) where T : V — R” is 
some linear isomorphism. Why is this independent of the choice of 
the isomorphism T? 

This fact has a very interesting consequence. The space Mat(n, R) 
of real n x n-matrices can be identified with R”” by writing the 
elements of the matrix as a n?-vector. This gives to Mat(n, R) a 
structure of differentiable manifold. The subset of invertible ma- 
trices GL(n) := GL(n,R) = {A € Mat(n,R) | detA # 0}, 
widely known as the general linear group, being an open subset of 
Mat(n, R) (why?) is itself a differentiable manifold. Is such manifold 
connected? Why? * 





Notation 1.2.13. We will stick to the notation of [Tu11]. In the context 
of manifolds, denote r’ : R” > R,1 < i < n, the standard coordi- 
nates on k”. With this notation, if e; denotes the ith standard basis 
vector?5 in R”, then r*(e;) = 0%. 

If (U,y~ : U > R”) isa chart of a manifold, then x’ = r* o y will 
denote the i-th component of y and denote y = (z',...,2”) and, 
when convenient, (U, y) = (U,x!,...,2”) (see also Figure 1.1). 

Thus, for p € U, (x1(p),..., x" (p)) is a point?® in R”. The functions 


x,...,2” are called (local) coordinates on U. © 





An advantage of this new notation is that we can talk about co- 
ordinates without the need to explicitly reference charts. In other 
words, we can say 


Let p € M and choose local coordinates (x',..., x”) about p... 
or even 

Let « = (x',...,2") € M bea point in M... 
dropping the distinction between p and z, both in place of 


Let p € M and (U, y) a chart defined on a neighbourhood U of p. Let 
x’ = r'o ¢ denote the components of y with respect to the standard 
euclidean coordinates... 


Example 1.2.14. The unit circle 
S!:={reR? | |z|=1}c R? 


with the relative topology’? is a 1-dimensional topological manifold. 
To provide the local homeomorphisms to R and define a smooth 
structure for S' it is enough to define the following four charts: 


Vy := {2 >0}, g:UWr(-1,1), ¢1(2):= 2’, 
Va := {2 <0}, vo: Ve (1,1), ygo(x):= 2”, 
Vg = {a7 > 0}, G3: Va (-1,1), ¢a(z) = 2", 
Va :={2?<01, gs:Va—>(-1,1), a(x) := 2". 


5 Identified with the point 
(0,...,0, 1 £0, sax O)ee 
ith component 





R”. 

The Kronecker delta 6% is defined by 

6 =1lifi=jand 5i = 0 otherwise. 

26 By abuse of notation we sometimes 
omit the p. Thus (a1,..., 2”) can stand 
either for local coordinates or a point 
in R”: which one it is should be clear 
from the context. 


77 Let (X, 7) be a topological space and 
Y c X. The relative topology on Y is 


Vi={VcY | WET st. V =UnY}. 


What do these charts look like? © 


Exercise 1.2.15. In the previous example, show that the correspond- 
ing transition functions are smooth. ve 


Exercise 1.2.16. Let {(Ua, Ya)} be the maximal atlas on a manifold M. 
For any open set U € M and any point p € U, prove the existence of 
a coordinate open set U,, such that p € U, < U. aXe 


Exercise 1.2.17. Let f : R” — R™ beasmooth map. Show that its 
graph 
Ty :={(a, f(x) | ceR"}CR™™ 


is asmooth manifold of dimension n. * 


Example 1.2.18. The definition of smooth manifold does not require 
M to be embedded into some ambient space as in the examples 
above. In fact, we can define the differentiable manifold S' by equip- 
ping the topological quotient space?® R/Z with the two charts 


yi: R/Z\{[0]} > (0,1) and ye: R/Z\{[5]} > (-3,9) 


which map [2] € R/Z to its representation in [0, 1) or [—4, $) respec- 


tively. The manifold obtained in this way is diffeomorphic to the one 
defined in Example 1.2.14. o 
Example 1.2.19 (Product manifolds). Given two manifolds (M,.A1) 
and (M2, A2), we can define the product manifold M, x M2 by 
equipping M, x M2 with the product topology’? and covering the 
space with the atlas {(U; x U2,(~1,%2)) | (Ui,¢1) € Ai, (U2, ¥2) € 
A}. 0 


Note that smooth manifolds do not yet have a metric structure: 





distances between the points are not defined. However, they are 
metrizable>°: there exists some metric on the manifold that induces 
the given topology on it. This allows to always view manifolds as 
metric spaces. 

Instead of always constructing a topological manifold and then 
specify a smooth structure, it is often convenient to combine these 
steps into a single construction. This is especially useful when the 
initial set is not equipped with a topology. In this respect, the follow- 
ing lemma provides a welcome shortcut: in brief it says that given a 
set with suitable “charts” that overlap smoothly, we can use those to 
define both a topology and a smooth structure on the set. 


Lemma 1.2.20 (Smooth manifold lemma). Let M be a set. Assume 
that we are given a collection {U. | a € A} of subsets of M together with 
bijections Ya : Ua > p(Ua) © R", where p(Uq) is an open subset of R”. 
Assume in addition that the following hold: 


(i) For each a, 6 € A, the sets py(Uq 0 Ug) and pg(Ua A Uz) are open 
in R”. 


(ii) If Uy AUg # @, the map pg ova! : Pa(Ua A Ug) > pep(Ua nr Ug) 
is smooth. 


(iii) Countably many of the sets U, cover M. 
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8 There is a standard way to induce a 
topology on a quotient space. Let M be 
a topological space and 7 : M —> N 
surjective. The quotient topology on 

N is given by defining U < N to 

be open if and only if its preimage 
n—!(U) © Misopen. If ~ isan 
equivalence relation on M, the quotient 
space M/ ~ is the set of equivalence 
classes [p] := {q € M | p ~ gq} 

and the projection : M > M/~, 
m(p) = [p], isa surjective map. Then 

U € M/~ is openif Ufpjeu |p] < M is 
open. Here R/Z denotes the quotient 
space R/ ~ where the equivalence 
relation is induced by the canonical 
group action of Z on R, that is, x ~ y if 
and only if x — y € Z. This means that 
[x] = {a +k | k € Z} and each interval 
[xo, zo + 1) of length 1 contains exactly 
one representative per class. Note 

that we are talking about topological 
spaces: the quotient, in general, does 
not preserve the Hausdorff property or 
second countability. 

79 Open sets in the product are prod- 
ucts of open sets from the respective 
topological spaces. 


3° In fact, all the topological mani- 
folds are metrizable. This property 

is far more general and harder to 
prove [Munoo, Theorem 34.1 and Ex- 
ercise 1 of Chapter 4.36] or [nLa2o]. 
Note that not all topological spaces are 
metrizable, for example a space with 
more than one point endowed with 
the discrete topology is not. And even 
if a topological space is metrizable, 

the metric will be far from unique: for 
example, proportional metrics generate 
the same collection of open sets. 
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(iv) If p # qare points in M, either there exists a such that p,q € Uo or 
there exist a, B with U. 0A Ug = S such that p € U,. and q € Ug. 


Then M has a unique smooth manifold structure such that each (Ua, pa) is 
a smooth chart. 


Exercise 1.2.21. Prove Lemma 1.2.20. 
Hint: declare all the ya to be homeomorphisms and use the hypotheses to check 
the definition of a smooth manifold. * 


Example 1.2.22. Lemma 1.2.20 simplifies life a lot. Consider the 
product manifolds from Example 1.2.19. Since both M and N are 
smooth manifolds, the product manifold is a (m + n)-dimensional 
smooth manifold with the atlas introduced in the example. 

The proof of this fact is trivial in the sense that each of the maps 
in the atlas satisfies all the properties of the lemma by construction, 
after all they are already part of the differentiable structure of a 
smooth manifold. > 


Exercise 1.2.23. Prove that the n-dimensional torus 


T?:=S! x... x Sto R™” 
—$ SS’ 
n times 


is asmooth manifold of dimension n. aXe 


1.2.1 Quotient manifolds 


If M is a topological space and ~ an equivalence relation we have 
seen that it is sometimes possible to define smooth manifolds. Since 
in general the quotient does not behave nicely it is convenient to get 
a few tricks to check if the manifold structure can be preserved. 

In this case it is convenient to have some tools to check continuity 
of functions. 


Proposition 1.2.24. Assume F : X — Y is a map between topological 
spaces and ~ is an equivalence relation on X. Let F be constant on each 
equivalence class |p] € X/ ~, and denote F : X/~— Y, F({p]) := F(p) 
for p€ X, the map induced by F on the quotient. 

Then, F is continuous if and only if F is continuous. 


Continuity of the projection 7 : M@ — M/ ~ implies that if M/~ 
is Hausdorff, then 7~1(7(s)) = [s] is closed in M. If, additionally, 7 is 


open>" then there is a stronger statement: 


Theorem 1.2.25. If M is a topological space and ~ an equivalence relation 
such that 7: M — M/~ is open, then: 


e «a maps a basis for the topology of M into a basis for the topology M/~, 
thus if M is second countable, then M/ ~ is second countable; 


e the quotient space M/~ is Hausdorff if and only if the graph R of ~, i.e., 
the set 
R:={(a,y)eMxM|ar~y}, 


is closed in M x M. 


For a proof refer to [Tu11, Proposition 
7.1] or [Lee11, Theorem 3.70]. 


3* That is, it maps open sets to open 
sets. 


These statements are not hard to prove, 
but their proofs will be omitted here. 
You can refer to [Tu11, Chapters 7.1- 
75]. 
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In general, however, the class of quotient space is too large to 
admit a good general theory of smooth manifolds. Yet, there is a 
family of manifolds that has undergone lots of research and on 
which a lot can be said: smooth manifolds with certain smooth Lie 
group actions. Treating this will be far too much for the course, but 
we will provide along the way most of the necessary ingredients 
for you to be able to explore the topic on your own. For further 
reference, you can look at [Lee13, Chapter 21]. 

Before moving on, below we are going to look at a couple of sim- 

pler, notable, examples of quotient manifolds. 
Example 1.2.26. Let RP” denote the n-dimensional real projective 
space, that is, the space of lines in R”*! passing through the origin. 
This is a notable example of quotient manifold: we are going to show 
that RP” is a smooth manifold of dimension n. 

We can define an equivalence relation on Rj! := R"+!\{0} by 


declaring that for any x,y € Rj*? 


x~y <— > = 4dt¥#0such that y = ta, 


that is, two points are equivalent if they lie on the same line passing 
through the origin. Then, the real projective space is the quotient 





space RP” := Rj*'/ ~. For the sake of the example, let’s denote the 
class of equivalence of a point x = (x°,...,2”) € RGt" by [z] = 
[x°,...,2”] and the projection to the quotient by 7 : Rj** > RP”. 
The classes of equivalence [1] are called homogeneous coordinates 
on RP”. 

There is a nice interpretation of this construction in terms of flat- 








tening spheres. Observe that a line through the origin always inter- 
Figure 1.4: The identification ~’ of 


antipodal points maps the sphere to 
of antipodal point determines a unique line through the center. So a disk. Embedding S”/ ~/ in R"*1, 
one can define a map 7p that projects 
the representative of [2] in the north 
the antipodal points: given ZYye O° 2 ~! y if and only ifx = ry. hemisphere orthogonally to the disk 


This leads to the bijection RP” ~ S”/ ~’. Note that by gluing antipo- Dv = {ee RO" | [a <1, 2et = OF 
(the equator is mapped to itself). 


cepts a sphere S” at two antipodal points and, conversely, each pair 


we can define an equivalence relation on the sphere by identifying 


dal points, we are identifying the north and south hemispheres, thus 
essentially flattening the sphere to a disk. 


et 


Exercise 1.2.27. Show that the map n : Ree > S", n(x) = [a] 


induces a homeomorphism ’ : RP” > S”"/~’. 
Hint: find an inverse map and show that both nr and its inverse are continuous. 


* 


LeET’s FIRST SHOW THAT RP” Is A TOPOLOGICAL N-MANIFOLD. 
The structure of topological manifold follows immediately from the 
Theorem 1.2.25 and 7 being open, so let’s prove that. 
Let U c Rf*", since 7 is continuous by construction, 7(U) is open 

if t~!(7(U)) is open in Rj*+. By definition 

n\(n(U)) = Jw = J | pe U}. 

t40 t40 

Since multiplication by t 4 0 is a homeomorphism of Rj", the set 
tU is open for any t, as is their union, RP” is both Hausdorff and 
second-countable. 
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For each i = 0,...,n, define U; := {x € Ret! | 2? + O}, the set 
where the i-th coordinate is not 0, and let U; = 7(U;) < RP”. Since U; 
is open, U; is open. Define 


yi: U; > R”, 


0 i-1 i+] n 
z x x x 
pall, 2) = (Sone —,——,..., -) 





e.g. yo([z°,...,2"]) = (a1 /ax0,...,2"/r0). This map is well-defined 
because its value is unchanged by multiplying x by a non-zero con- 
stant. Moreover, y; is continuous: the inverses can be computed 
explicitly as 


Oye”) = ieee Oe ake ingay”| . 


Since {Up,...,U;,} is an open covering of RP”, this shows tht RP” is 
locally euclidean of dimension n. 


Let’s EQuip RP” WITH A SMOOTH STRUCTURE. We are already 
half-way through: we are going to show that the coordinate charts 
(U;, ~;) defined above are, in fact all smoothly compatible. Without 
loss of generality, let’s assume i > j. Then, a brief computation 
shows 


pO (Puce) 
(2 yor yitl yi 1 yet i") 








ys? ys p) ys aes ys ys? ys + emote 

which is a diffeomorphism from y;(U; 9 U;) to yj(Ui a Uj) since 
x) # 0onU;j. The atlas defined by the collection {(U;, y;)} is called 
standard atlas and makes RP” a smooth manifold. © 
Exercise 1.2.28. Show that the real projective space RP” is compact. 

Hint: use Exercise 1.2.27. * 
Exercise 1.2.29 (Stereographic projections). Let N denote the north 
pole (0,...,0,1) € S” < R”*1 and let S denote the south pole eee 
(0,...,0,—1). Define the stereographic projections o : S”\{N} — R” ve 
by 











1 n 
1 ntl) ._ 4 4 
OUR yeseytt = (ae), 
and a: S”"\{S} > R”, g(a) := —o(—2). 


1. For any x € S”\{N},show that o(x) = u where (u, 0) is the 
point of intersection of the line passing through N and « with 
the hyperplane {x”*! = 0}. Similarly, show that (zx) is the point 
where the line through S and z intersects the same hyperplane. 


2. Show that a is bijective and 


ou) = (Ta eS). 


lu? + Lo full? + 1 [feel + 1 





3. Compute the transition map ¢ o a! and verify that the atlas 
{(S"\{N}, a), (S"\{S}, )} defines a smooth structure on S”. 


4. Let n = 1. Show that this smooth structure is the same as the one 
defined in Example 1.2.14. 


* 


The general definition of C’-manifolds is mostly a matter 
of replacing occurrences of “smooth” in the text with C”. 
The study of these more general structures is not dissimilar 
from what we will see in this course, with the exception of 


analytic and C°-manifolds, but it introduces an unnecessary 
extra level of verbosity. In these notes we will only deal with 
smooth manifolds. 


1.3. Smooth maps and differentiability 


With a well-defined differentiable structure and the idea of com- 
patible charts, we have all the ingredients to lift the definition of 
differentiable maps from the euclidean world. 

Before considering the general definition of a differentiable map, 
let’s look at the simpler example of differentiable functions f : M — 
between a smooth manifold M and R. 


Definition 1.3.1. A function f : 1 — R froma smooth manifold 
M of dimension n to R is smooth, or of class C'”, if for any smooth 
chart (vy, V) for M the map f oy! : y(V) c R” > Ris smooth as 
a euclidean function on the open subset y(V) < R”. We denote the 
space of smooth functions by C” (MM). ?) 





This, colloquially speaking, means that a function is differentiable 
if it is differentiable as a euclidean function through the magnifying 
lens (see Figure 1.3) provided by the charts. 


Exercise 1.3.2. Define the following operations on C”(M). For any 
f,geC?(M),ceER, 


(f+g)(@) = fl@)+9@), (f9)(@) = fle)g(2), (cf) (@) = cf (2). 
Then, the space C”(/) endowed with the operations above is an 
algebra? over R. Ww 


The following theorem can be very convenient when you work 
with smooth functions. 


Proposition 1.3.3. Let M be a smooth n-manifold and f : M — Ra 
real-valued function on M. Then, the following are equivalent: 


(i) fe c*(M); 


(ii) M has an atlas A such that for every chart (U,p) € A, foy': 
R” > y(U) > Ris C®; 


(iii) for every point p € M, there exists a smooth chart (V,w) for M such 
that p € V and the function f ow +: R" > W(V) — Ris C® on the 
open subset w(V) < R”. 
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Figure 1.5: A function is differentiable 
if it is differentiable as a euclidean 
function through the magnifying lens 
provided by the charts. 


3? I.e. a vector space where you can also 
multiply two elements. 
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Exercise 1.3.4. Prove the proposition. 
Hint: go cyclic, for example show (i) => (dit), (dit) => (tt), (tt) = (4). * 
At this point, the generalization of smooth functions to smooth 
maps between manifolds should not come as a surprise. 


Definition 1.3.5. Let F : 14; — Mz bea continuous map 33 between 
two smooth manifolds of dimension n; and nz respectively. We say 
that F' is smooth, or of class C™, if, for any chart (v1, Vi) of 14; and 
(y2, V2) of Mz, the map 





U1 := Vian FO '(Ve)) c R™ 
Ceroe ss 0y 1=pi(V (V2)) 
Up := Y2(V2) C R™ 
is smooth as a euclidean function. 
We denote by C”(M,, M2) the set of all functions F' : M, — Mz of 
class C™. 


The map F := yo Fo y;' is called the coordinate representation 





of F with respect to the given coordinates. % 





For a very simple and familiar example, consider the real valued 
function f(x,y) = x? + y? defined on R?. In polar coordinates on 
U = {(a,y) € R? | x > O}, f has the coordinate representation 
f(p,9) = p?. Very often, where there is no ambiguity, we will simply 
identify f and f and just write 

in the local coordinates (p,@) on U, f(p,0) = p”. 


A first observation about our definition of smooth maps is that, as 
one would hope, smoothness implies continuity. 
Exercise 1.3.6. Show that every smooth map is continuous. * 
Exercise 1.3.7. Prove the following propositions, aiding your reason- 
ing by drawing the relevant figures or commutative diagrams. 


Proposition 1.3.8. Let M be a smooth manifold of dimension n. Then 
F : M —> R™ is smooth iff for all smooth charts (U, ~) of M, the function 
Fog}: g(U) > R™ is smooth. 


33 Remember: continuity is not a prob- 
lem since M, and M2 are topological 
spaces. 


Differently from your calculus classes, 
we are defining differentiability before 
we define what the derivative is. Get- 
ting to it will require some amount of 
work, and will have to wait until the 
next chapter. 


Figure 1.6: Maps are differentiable 
when they are differentiable as maps 
between euclidean spaces. 
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Proposition 1.3.9. Let M be a smooth manifold of dimension n. Then 
F :R™ — M is smooth iff for all smooth charts (U, y) of M, the function 
yo F: F-1(U) > R" is smooth. 


Proposition 1.3.10. Let M, N, P be three smooth manifolds, and suppose 
that F: M > NandG: N > Paresmooth. ThenGo Fe C”(M, P). 


Proposition 1.3.11 (Smoothness is a local property). Let F : M — N 
be a continuous function and let {U;}ic1 be an open cover for M. Then 
F\y, :U; > N is smooth for every i ¢ I iff F : M —> N is smooth. 





x 


It can be useful to know that there are alternative ways to charac- 
terize smooth functions. 


Exercise 1.3.12 (Equivalent definitions of smoothness). Let M and 
M2 be smooth manifolds. Show that a map F : M; — M2 is smooth 
if and only if either of the following conditions holds: 


1. for every p € M;, there are smooth charts (Vi, ¢1), p € Vi, and 
(V2, ¢1), F(p) € Vo, such that F(V,;) © Vo and ¢2 0 Fo $71 is 
smooth from ¢,(Vj) to ¢2(V2); 


2. F is continuous and there exists two smooth atlases {(V, ¢1)} 
and {(VZ, ¢3)}, respectively for M@, and M2, such that for each a 
and 3, $3 0 Fo (¢),)~' isa smooth maph from ¢4(Vz 9 F(V3)) to 
$3(V3). 

* 


Definition 1.3.13. A diffeomorphism F' between two smooth mani- 
folds M, and Mz is a bijective map such that F ¢ C”(M,, M2) and 
F-t € C®(Mz, M,). Two smooth manifolds M, and Mg are called 
diffeomorphic if there exists a diffeomorphism F : M, — Mz be- 
tween them. © 


Exercise 1.3.14. Any chart (V, y) of a manifold M is a diffeomorphism 
between the manifolds V < M and y(V) < R”. * 


Exercise 1.3.15. Prove that R*\{(0,0)} is a two-dimensional manifold 
and construct a diffeomorphism from this manifold to the circular 
cylinder 

C :={(a,y,z) ER? | 227+7 =1} CR’. 


* 


The following corollary is just a restatement of Proposition 1.3.11, 
but provides a useful perspective on the construction of smooth 
maps. 


Proposition 1.3.16 (Gluing lemma for smooth maps). Let M and N 
be two smooth manifolds and let {U, | a € A} bean open cover of M. 
Suppose that for each a € A we are given a smooth map Fy : Uy — N 
such that the maps agree on the overlaps: Fo\u.aus = Fa\u.auz for all 
a, 8 € A. Then there exists a unique smooth map F : M — N such that 
Flu, = Fo foreachae A. 
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In other words, if you can define a map in a neighbourhood of 
each point in such a way that the locally defined maps all agree 
where they overlap, then the local definitions piece together to yield 
a global smooth map. We will use this construction repeatedly 
throughout the course. Sometimes, however, the local definitions 
are not guaranteed to agree. In this case one usually has to resort to 
a different tool: partitions of unity. These allow to surgically patch 
objects together and make sure that they still have the required prop- 
erties. In the next section we will look more deeply into this. 


From now on, when we write manifold, chart, atlas, etc. we 


always mean smooth manifold, smooth chart, smooth atlas, 


etc.. 


THE NOTION OF SMOOTHNESS ona smooth manifold is essentially 
tied to the underlying smooth structure: it makes no sense to talk 
about smooth functions if there is no smooth atlas to specify what 
smoothness means. 

This is a subtle but fundamental point. The charts themselves, 
at first, are mere homeomorphisms. The choice of a smooth atlas, 
ensures that we only select a family of charts whose transition maps, 
as euclidean functions, are smooth. 

Since smoothness is defined via the composition with charts 
from the atlas, this also implies that the charts themselves become 
diffeomorphisms3+. The following exervises and examples build 
upon this remark to give you some example of this, and why it may 
seem counterintuitive. 


Example 1.3.17 (A different smooth structure on R). Consider the 
homeomorphism ~ : R > R, u(z) = x3. The atlas consisting of the 
global chart (IR, 7) defines a smooth structure on R. This chart is not 
smoothly compatible with the standard smooth structure on R since 
idgow'(y) = y'/3 is not smooth at y = 0. Therefore, the smooth 
structure defined on R by ~ is different from the standard one. You 
can adapt this idea to construct many different smooth structures on 
topological manifolds provided that they at least have one smooth 
structure. 0) 


What is often even more puzzling, at least as a first sight, is that 
incompatible smooth atlases can actually be diffeomorphic. 


Exercise 1.3.18. Show that the smooth manifolds (R, {(R,idr)}) and 
(R, {(R, 2) }), defined using the smooth structures from the previous 
example, are diffeomorphic. * 


Exercise 1.3.19. For r > 0, let ¢, : R — R be the map given by 


t, ift<0, 
br(t) = 


rt, ift>0. 


Let A, denote the maximal atlas on R containing the chart (R, ¢,). 





34 Why? Try to spell out all the details. 
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1. Show that the differentiable structures on R defined by A, and As, 
0 <r < s,are different. This shows that there are uncountably 
many families of different differential structures on R. 


2. Let M, be the manifold R equipped with the atlas A,. Show that 
M, and M, are diffeomorphic for r,s > 0. 


* 


Remark 1.3.20. There exist examples of topological manifolds with- 


out smooth structures?> but you need to reach for objects of dimen- 35 A nice and super compact comment 
pointing to the relevant reference is in 


sionn > 4. All smooth manifolds of dimension n < 4 have exactly [Fal] 


one smooth structure (up to diffeomorphisms) while ones of dimen- 


sion n > 4 have finitely many3°. The case n = 4 is unknown: if you 3° A beautiful example of this is the 
7-sphere S’ which is known to have 28 


prove that there is only one smooth structure, you will have shown : 
non-diffeomorphic smooth structures. 


the smooth Poincaré conjecture [Cal18; Har21]. ?) 


As a final exercise, we are going to relate smoothness of the maps 
with the smoothness of their components, which can be especially 
useful when working in coordinates. 


Exercise 1.3.21. Let F : M™ — N” be acontinuous map between two 
manifolds. Then the following are equivalent: Recall Notation 1.2.13 


1. F is smooth; 


2. N has anatlas A such that for all the charts (V,~) = (V,y!,...,y”) € 
A, the components y’ o F': F~'(V) — R of F relative to the chart 
are all smooth; 


3. for every chat (V,~) = (V,y’,...,y”) on N, the components 
y'oF: F-1(V) > R of F relative to the chart are all smooth. 


Note that this, in particular, holds for N = R”. * 


1.4 Partitions of unity 


CUTOFF FUNCTIONS are a Class of smooth functions that will be 
of crucial importance throughout the course, and whose existence 
cannot be given for granted. Since their definition and construction 
does not require more than what we have just seen, let’s talk about 
them now. 

First of all, recall that the support of a smooth function f : M@ — R, 
denoted by supp(f), is defined as 





supp( f) fsa {p eM | f(p) Z 0}. The bar over the set denotes its closure. 


We will introduce those functions with a proposition, and will 
spend the rest of this chapter proving it. 


Proposition 1.4.1 (Cutoff functions). Let M be a smooth manifold and 
ik <U c M two subsets such that K is closed and U is open. Then, 
there exists a smooth function x : M — R, called cutoff function, with the 
following properties 
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(i) O< x(p) <1 forallpe M; 
(ii) supp(x) < U; 
(iii) x(p) = 1 forallpe K. 


The proof of this proposition involves a general result which 
is quite technical and whose proof will be omitted. You can refer 
to [Lee13; Tu11] if you are curious to see the details. 

Instead, we will show a special case of Proposition 1.4.1. The main 
reason is that it involves an explicit construction of the cutoff which 
can be convenient to have at hand later on. 


Lemma 1.4.2 (Cutoff functions, compact case). Let M be a smooth 
manifold and K < U < M two subsets such that K is compact and U is 
open. Then, there exists a smooth function x : M — R with the following 
properties 


(i) O< x <1forallpe M; 

(ii) supp(x) < U; 

(iii) x(p) = 1 forallpe K. 
Proof. Part 1. To warm up, let’s do some first year analysis. For 
any pair of realnumbersr < R there exists a smooth function 
f : R > (0,1) such that f(t) = lfort < r, f(t) = Ofort > Rand 
0 < f(t) < 1 forte (r, R). 

We can construct this explicitly by means of the function 

eve, ¢=0, 


0, t<0. 


h: ROR, h(t) := 


Exercise 1.4.3. Prove by induction that fort > 0and k > 0, the kth 
derivative h*) (t) is of the form pox(1/t)e~!/* for some polynomial 
por(x) of degree 2k in x. Use this to show that h € C®(R) and that 
h*) (0) = 0 for all k > 0. x 
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The function f that we are seeking is then37 given by 37 Exercise: check that such function f 
satisfies all the desired properties. 
h(R - t) 


A(R—-t)+h(t—r) 





t= 


Part 2. Let’s extend f to R”. Denote B, < Rk” the open ball of 
radius r around the origin. Then, for any 0 < r < Rweseeka 
function g : R"” — R such that g(x) = 1 for all x € B,.,, g(x) = 0 for all 
xz € R"\Brand 0 < g(x) < 1 forall x € Br\B,. This is immediately 
achieved by defining g(x) := f(|z||), where f is the function defined 
in the previous step. 


Part 3. Let’s now pick a point p € M and an arbitrary neighbour- 
hood U of p. Choosing an appropriate chart about p, the previous 
step implies that we can choose a smaller neighbourhood V c U 
of pwith V c U and such that there exists a smooth function 

x : M = (0,1) satisfying x(p) = 1 forall p « V and y(p) = 0 for 
allpe M\U. 


Part 4. We are ready to complete the proof. For each point p € K, 
choose two neighbourhoods V, < U, such that V, < K and U, c U. 
Since K is compact, it admits a finite cover in terms of these sets: 

i.e. there are finitely many points p;,...,py € K suchthat K c 
UN, V,,- For each i, choose x; : 14 — [0,1] as in the previous step: 
xi(p) = 1 for all p € Vp, and y;(p) = 0 for all p € M\Up,. The proof is 
completed by defining 


N 
x:=1-] [Q-x)). 


i=l 














We are not there yet. To extend this result to our needs will need 
a new tool, which will be useful throughout the course and in many 
courses to come. 


Definition 1.4.4. Let M be a smooth manifold. A partition of unity 
is a collection {p. | a € A} of functions p, : M — R such that 





(i) O< pa <1 forallpe Mand ae A; 


(ii) the collection {p, | a € A} is locally finite, that is, for any 
p € M there are at most finitely many a € A such that p ¢€ 


supP (Pa), 
(iii) for all pe M one has )) 0-4 Pa(p) = 1. For any p, iac4 Pa(p) is a finite sum 
by ii. Thus, the function defined by the 
© sum p := >) pq is a well define smooth 
function on M. We call such sum a 
Remark 1.4.5. Note that the existence of a partition of unity is a distin- locally finite sum. 


guished feature of differentiable manifolds: stronger structures, like 

analytic or holomorphic ones, in general fail to have one. © 
Throughout the course we will be mostly interested in partitions 

of unity {pq | a € A} which are subordinate to an open cover 

{Ua | a € A}, that is, such that supp, (Pa) C Ua for each ae A. 
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Theorem 1.4.6. Let M be a smooth manifold. For any open cover {Uq | 


a € A} of M, there exists a partition of unity {pq | a € A} subordinate to 


{Ua | ae A}. 
With this result at hand, Proposition 1.4.1 can be shown very 
easily. 


Proof of Proposition 1.4.1. Consider the open cover of M given by 
C := {M\K,U}. Then Theorem 1.4.6 implies that there exists a 
partition of unity {pu e\7\x} adapted to C. The function x := py is 








our cutoff function. 








1.5 Manifolds with boundary 


THE DEFINITION OF MANIFOLDS HAS A SERIOUS LIMITATION, even 


though it is perfectly good to describe curves3® and surfaces39, it 
fails to describe many natural objects like a closed interval [a,b] € R 





or the closed disk D,(0) of Example 1.1.12. Note that in each of these 
cases, both the interior and the boundary are smooth manifolds and 





their dimension differ by one*°. 
Let’s do a step back and think about topological manifolds: since 
both the closed interval and the closed disk are closed sets, we have 


problems to make them locally euclidean in neighbourhoods of their 


boundaries. Can we modify our local model to resemble something 
with a boundary? 

Of course this is a rhetorical question. We can generalize our 
definition by considering the closed upper half-spaces 





H = {2 =(c',...,0°)€ R* | 2” S00}, 
with its (n — 1)-dimensional boundary 
GH” ={e= Gr... 92" )s R* | 2" = 0} 


and the topology inherited by R”, as a replacement for our local 
model k”. 


Definition 1.5.1. A topological space M is a topological manifold 





with boundary of dimension n, or topological n-manifold with 
boundary, if it has the following properties 


(i) M is a Hausdorff space; 
(ii) M is second countable; 


(iii) M is locally homeomorphic to H", any point x ¢ M hasa 





neighbourhood that is homeomorphic to a (relatively) open** 


subset of H”. 


A chart on M is a pair (U, y) consisting of an open set U c M and 





a homeomorphism y : U > y(U) cH”. 


0 


We are going to omit the proof of this 
theorem, for its details you can refer 
to [Tu11, Proposition 13.6] or [Lee13, 
Theorem 2.23]. 


38 E.g. the circle seen in Example 1.2.14. 


39 E.g. the 2-spheres S?. 


4° In the first case the interior (a, b) isa 


1-manifold and the boundary, the set 


Ola, b] = {a, b}, is a 0-manifold. In the 
second case the interior of D (0) is the 


open unit ball, a 2-manifold, and the 


boundary @D (0) is the 1-manifold S?. 





* Recall that U < H” is relatively 
open, that is open with respect to the 


relative topology, if there exist an open 


set U c R” such that U =U nH". 


oe fon 


blo). 









( 
IX" 0 Pl) 


Example 1.5.2. A Mobius strip M is a connected 2-manifold with 
boundary. As a topological space it is the quotient4? R x [0, 1] via the 


(z,y)] 
(cos(27x), sin(27z)) is a continuous surjective map to S'. Given 


identification (x,y) ~ (x + 1,1 — y). The projection 7 : 


xo € IR, we can choose charts [(z, y)] > (e” cos(my), e* sin(zy)) for 
x € (Xp — €, Xo + €) and any € < 1/2. .) 
We saw in Proposition 2.8.12 that differentiability is a local prop- 
erty, which means that is a property defined on open sets. To clarify 
what it means to have differentiable structures on manifolds with 
boundary, we will thus need to clarify what it means for a function 
defined on H” to be differentiable at points on 0H”. As it turns out, 
this is a minor modification of our previous definition that stems 
directly from the definition of the induced topology. 


Definition 1.5.3. Let U < H” bea relatively open set. A map f : 

U — R” is r-times continuously differentiable, or of class C’, if there 
exists an open set U € R” and a map f € C’(U,R™) such that U c U 
and flu = f. The function f is said to be smooth, or of class C™, if f 
is r-times continuously differentiable for all r > 1. 0) 





With such definition at hand, one can define compatibility, 
smooth atlases and differentiable structures as in Definition 1.2.4, 
Definition 1.2.5 and Definition 1.2.7 by considering charts taking 
value in H”. 


Exercise 1.5.4. Explicitly state the definitions above in the case of 
manifolds with boundary. * 


Definition 1.5.5. A smooth manifold with boundary of dimension n 





is a pair (M, A) of a topological n-manifold with boundary M and a 
smooth differentiable structure A = {(Ua, a) | a€ A} on M. 
The boundary of M is defined as 


aM := |) ¢2" @a(Ve) mH”). (1.3) 
acA 


Proposition 1.5.6. The boundary 0M is well-defined*3. 


Proof. The statement follows if we show that the transition maps 
send boundary pieces to boundary pieces. To this end, assume 
that p € M is both an interior and a boundary point, that is, there 
are two charts (Uj, 4) and (U2, ¢2) such that p € Uy nm U2, both 
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# Think of a strip of paper whose ends 
have been glued with a twist. 


Note that 0M is diffeomorphic to S!. 

In fact, this is actually an example of a 
non-trivial fiber bundle, something that 
will make sense only a few chapters 
from now. In this case, M is a bundle of 
intervals over a circle. 


Remember that the differentiable 
structure is an equivalence class of 
smooth atlases. 


The boundary @M as defined by (1.3) 
can differ from its topological bound- 
ary as a subset of another topological 
space. For example the boundary 0S! 
of the circle as a manifold is empty, 
but the boundary of the circle S1 as a 
subset of R? is S! itself. 


43 In the sense that smooth charts send 
boundary pieces to boundary pieces. 
Note that the definition of the bound- 
ary holds for topological manifolds 

as well, but showing that it is well— 
defined is much more complicated and 
will be omitted. 
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$1(U1), 2(U2) < H” relatively open, and ¢i(p) € H”\dH” (an 
interior chart) while ¢2(p) € CH” (a boundary chart). 

It follows that there exists a small open neighbourhood of ¢;(p) in 
H” which is also an open set in R”: we just need to take a small open 
ball around ¢;(p) that does not intersect the boundary. 

Consider now the transition maps 7;; : ¢;(U; a U;) > 0;(Ui 0 U;), 
i # j. These are diffeomorphisms and inverse of each other by 
construction. In particular, by the definition of smoothness, they 
admit (if necessary) an extension to smooth maps defined on open 
subsets of IR”. 

Let 72; be the smooth extension of 72; to a set V21 which is open 
in R”. On the other hand, since ¢ is an interior chart, there is a 
euclidean ball B around ¢;(p) contained in ¢1(U; © U2) in which 712 
is smooth in the usual euclidean sense. 

On Bn 721(V21), 721 9 T12 = T21 9 T12 = id, so the chain rule implies 
that id = D721 0 M2 = D79|,,, 0 Dig. In particular, the square 
matrix D72|¥,(p) is inveritible and, thus, by the inverse function 
theorem, 712 is an open mapping*‘. This, then, implies that 7;2(B) 
(here we consider 712 as a map from B to R”) is an open subset in 
R” containing ¢2(p) and contained in ¢2(U2). This, however, is a 
contradiction since we assumed ¢$2(U2) Cc H” with ¢2(p) € 0H”, and 











thus no open ball around ¢2(p) can be fully contained in H”. 





In fact, a stronger fact holds. 


Proposition 1.5.7. Any diffeomorphism between smooth n-manifolds 
F:M — N satisfies F(O0M) = 0N. 


Proof. Let p € 0M. Then by definition there is a smooth chart (U, ¢) 
for M,p € U, such that 6(U) Cc H” and ¢(p) € CH”. Modulo restrict- 
ing U to the appropriate subset*5, we can find a chart (F'(U), 7) for 
N. 

Now, the coordinate representation 


F:=po Fog": 4U) > ¥(F(U)) 


is a diffeomorphism between open subsets of either R” or 1”. Fur- 
thermore, (U, F’ o @) is a smooth chart for M. By the previous propo- 
sition, F(d(U)) c H” with F(4(p)) € @H”, then we would have 

shown that ~(F(U)) < H” with w(F(p)) € 0H”, ie. F(p) € ON and, 
thus, F(0M) c ON. 














Remark 1.5.8. The definition of smooth maps and the propositions 
proven in Section 1.3 all hold also in the case of smooth manifolds 
with boundary. 0 


Example 1.5.9. Let’s go back to the closed interval M = [a,}] c R. 
With the atlas 


A = {([a,0), zr a2—a), ((a, 5], z+» b—x)} 


it is a differentiable 1-manifold with boundary 0M = {a} vu {b} = 
{a, B}. 0 


44 You can refer to [Lee13, Corollary 
C.36] to revise this 


45 Exercise: how would you do that? 


Let’s go back to our observation at the beginning of this section. 
We started by observing that some objects seemed to be the “sum” of 
a boundary manifold and an interior manifold. Can we make sense 
of such observation using our newly introduced definition? 


Proposition 1.5.10. Let M be a differentiable n-manifold with boundary. 
Then M := M\@M and 0M inherit the structure of manifolds (without 


° 


boundary) of dimensions dim(M) = n and dim(0M) =n — 1. 


Proof. Let A = {(Ua; Ga) | a € A} be an atlas for M. Then 
As = {(Uar My paly,nss) lee A} 


is an atlas for M where none of the charts contain points in dH”. 
In a similar vein, an atlas for 0M is given by 


Ao = {Ua OY OM, PalUanoM) | Qe A}, 


where 
Yolu.nam : (Ua A OM) > dH” =~ R™! 











by the proof of Proposition 1.5.6. 





Example 1.5.11. Consider the cone 
C= {p= (ppp )eR | (p+)? ="), O<p* <1}, 


with boundary 0C = {péC | p? = 1}. 
We can describe the cone with the following atlas A = {(Uj, yi) | 
i = 1, 2,3}: 


e U; = {pec | p* <1} withe = (z', 2”) = yi(p) = (pp? +: 1), 
thus 





eo, (a) = oe —1,«/ (#1)? + (2? — 1) ; 


e Uz = {peC| 1/2 < p? <1, (p',p”) # (0, p)} with ye defined as 
follows. Let 
2 


1 1 
a= 00) = (35.0) and oy =(Poa1-@'), 


p?’ p q 





then x = yo(p) = (7 0 Y)(p) and o(U2) = R x [0, 1/2) c H?. 


e Us = {pe C|1/2 < p*? <1, (p',p”) ¥ (0, —p?)} and 3 defined 
similarly as in the previous point. 

The boundary is given by 6C = v3 ‘(IR x {0}) U wy (IR x {0}). © 

Exercise 1.5.12. Explicitly define ~3 from the previous example. Why 

is y, not appearing in 0C? * 

Exercise 1.5.13. Let M = D, < k” be the n-dimensional closed unit 

ball from Example 1.1.12. 


1. Show that M is a topological manifold with boundary in which 
each point of 0M = S”"~' is a boundary point and each point in 
M = {x ek” | |x| < 1} is an interior point. 
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Figure 1.7: Compare ¢ with the 
stereographic projections from Ex- 
ercise 1.2.29. Do you notice any similar- 


ity? 
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2. Give a smooth structure to M such that every smooth interior 
chart is a smooth chart for the standard smooth structure on M. 


Hint: consider the map ro a7! 


: R” > R” where o : S” — R” is the stereographic 
projection from Exercise 1.2.29 and 7 : R"+' — R” isa projection that omits one of 


the first n coordinates. aXe 


Differentiable manifolds without boundary (cf. Defini- 
tion 1.2.9) can be thought as a special case of differentiable 
manifolds with boundary (cf. Definition 1.5.5) where the 
boundary happens to be empty. Therefore, with the excep- 


tion of the beginning of Chapter 2, we will no-longer distin- 
guish the two concepts: from now on, a manifold may have or 
may not have a boundary. 





2 
Tangent bundle 


This is a reminder that, unless differently specified, when 
we write manifold, chart, atlas, etc. we always mean smooth 


manifold with (possibly empty) boundary, smooth chart, 
smooth atlas, etc. 





2.1 Let the fun begin! 


IT NOW REMAINS TO DEFINE DERIVATIVES Of functions between 
smooth manifolds. And, since we saw that euclidean spaces are 
manifolds, we must mke sure that our definition coincides with the 
usual one in euclidean spaces. 

At the beginning of the previous chapter, we recalled that total 
derivatives are linear operators. Since topological spaces are not 








necessarily vector spaces, then, we need to devise some sort of as- 





signment of vector spaces at points on the manifold. In this chapter Ps 


we will see exactly how to do that: we will describe how to associate 

Figure 2.1: Tangent space to a point of a 
sphere S? embedded into the ambient 
n-dimensional vector space, denoted by TM. Such vector space is space R°. 


to each point « € M onan n-dimensional smooth manifold M an 


called tangent space to M at x and, for a manifold embedded into 





a euclidean ambient space, it will coincide with the intuitive under- 
standing of a tangent hyperplane to the point on the manifold, see 
also Figure 2.1. 

As we will see, there are various different definitions of tangent 
space but, in the end, they all turn out to be equivalent. Due to a 
certain amount of freedom in terms of different “perspectives” lead- 
ing to different but equivalent definitions, there is no unique way of 
introducing tangent spaces. Just to give you an idea, all the following 


approaches all lead to equivalent definitions (see also [Lee13]): Bear in mind that this is not the whole 
story. For example, it is also possible to 
e equivalence classes of curves through a point; “flip” the whole construction around, 
constructing first the so-called differen- 
e transformation laws of the components of vectors with respect to tials and cotangent spaces, and using 


them to introduce the tangent spaces. 
This is the approach taken by [Hit14] 
and it is at least worth a look if you 
want to see a different perspective. 


different charts; 


e generalization of linear approximation into the idea of an abstract 
derivation; 
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e derivations in the category of germs of functions. 


In this course we will start by describing derivations on the space 
of germs, the approach which emphasizes the local nature of deriva- 
tions to its extreme. The equivalence between our approach and the 
one based on charts will be left as homework, while we will look 
into the equivalence with the speed of curves and with derivations 
together. 


2.2 Directional derivatives in euclidean spaces 


Let’s take a brief detour. Suppose that f : U c R" > R* isa smooth 
map defined on an open subset U c k”. In multivariable calculus 
you have seen that if z € U and v € R”, then the vector Df (x)v can be 
interpreted as the directional derivative’ of f: 


him £2 + #0) — F(0) 


Df(x)v = lim : 


Then, the partial derivative is obtained as the particular case 


OF peso _ _ 4. f(a + tej) — f(x) 
aga (*) = Dj f(x) = Df(a)e; = lim ; ; 

Since f = (f',..., f*) takes values in R*, instead of taking its to- 
tal derivative Df as above, we can also think to the derivatives of 





its components. In this case we can use the standard euclidean co- 
ordinates? r!,...,r” to isolate the components and then derive 
them,that is, we would be deriving r’o f : R" > R. 


Let’s TAKE IT SLow, and compare all these various derivatives next 
to each other. For f : U c R" — R* and z € U, we have 


e Df (x), the Jacobian matrix, which is a k x n matrix; 


e D; f(x), the j-th column of the matrix D f(x), which is an element 
of R* whose components are the derivatives of the components of 
f with respect to the jth coordinate; 


e D(r’o f)(z),a linear function from R" — R corresponding to the 
gradient of the ith component of f, and which one can see as the 
ith row of the matrix Df (x); 


e Dj(rio f\(z) = of (x), a number in R, which corresponds to the 


~~ Oxd 


(i, j)th element (Df (x))i, of the matrix Df (a). 





This notation using D instead of spelling out the partial deriva- 
tives, comes with an important advantage. Let’s use it to rewrite the 
chain rule from Proposition 1.2.2 (ii): 


k 
Dj(r* ogo f)(x) =D) Dilr* og)(F(2)) Dy(r' o f)(a), 


where 1 < i < m,1 < j < n. As youcan see, we do not need to 
explicitly spell out the derivatives in local coordinates on R” or R* 
in this new formula. This will prove extremely convenient for the 
development of the theory. 


+Sometimes denoted D, f(x) instead. 


? See Notation 1.2.13. 
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Dif 











Using Einstein notation, since / is the 
only index that appears both in lower 
and upper position, D;(r*0 go f)(x) = 
Dir 0 9)(f(@)) Dj(r! 0 f)(2). 
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Exercise 2.2.1. This may look very abstract right now. Define some 
nontrivial function f : R? — R* and compute the 4 objects described 
above for that function. * 


2.3. Germs and derivations 


TO REACH OUR GOAL, DEFINING DERIVATIONS ON MANIFOLDS, a 
direct extension of partial derivatives is not enough: we will need to 
introduce some more levels of abstraction. 


Definition 2.3.1. Let 1Z be a smooth manifold and p € M. Let 

U,V < M be two neighbourhoods of p. We say that two functions 

f ¢ C?(U) and g € C”(V) have the same germ at p if there exists a 
neighbourhood W c U 1 V of psuch that f|w = g|lw- © 





Exercise 2.3.2. Make a drawing to clarify the meaning of this defini- 
tion. Try to define three different functions with the same germ at 
some point p and with different germs at some other point p’. Make 
it concrete: pick M = R first and then try with M = R®, and choose 
some specific values for p and p’. * 


Germs define an equivalence relation on the set of smooth func- 
tions defined on a neighbourhood of a point p: (U, f) ~p» (V,g) if 
they have the same germ at p. Then, a germ [f],, where (U, f) is one 
representative for [f],, is an equivalence class in the quotient space 


CP (M) = C?(M)/~p. 


Exercise 2.3.3. Show that ~, defined above is an equivalence relation 
inC”(M). * 


For ce Rand [f],, [g]p germs with representatives (U, f), (V, 9), we 
have 
e {fl> + [g|p is the germ with representative (U 4 V, f + 9); 
e [flplglp is the germ with representative (U 1 V, fg); 


e c[f]p is the germ with representative (U, cf). 


Therefore, C7? (/) is also an algebra over R. 
Exercise 2.3.4. Check that the operations above are well-defined. * 


Germs are the apotheosis of locality: a germ at p has a well— 
defined value at p and nowhere else. This results in a map, 


eval, :C3(M)—>R,  evalp([f]p) = f(p), 


where (V, f) is any representative of [f]p. 
Exercise 2.3.5. Check that the eval, map is well-defined. * 


We can now go back to our discussion of euclidean derivations to 
motivate our definition of tangent vectors. 
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Example 2.3.6. LetU c R” open3 and f ¢ C”(U). Forx € U 
and v € Rk” we have seen that Df (a) can be interpreted as a matrix 
that consumes the vector v to produce a number D(f)v. In such 
interpretation f is fixed and only x and v vary, however there is no 
reason for this restriction. 

Indeed, an alternative interpretation lets also f vary and consid- 
ers the action of differentiation as a map 


Ux Rx C°(U)>R, (2,0, f) > Df(z)v. 


And since we are here changing the cards on the table, let us con- 
sider x and v fixed and instead only let f vary: 


(z,v):C*°(U) +R, (a, v)(f) = Df(ax)u. (2.1) 


By the definition (1.1) of the euclidean differential, we know that it is 
a local property: the value Df (x) only depends on the value of f in 
an arbitrarily small neighbourhood of «, that is, on the germ of f at 
x. Thus we can rephrase (2.1) by saying that v defines a linear map 


v:C2U)>R, v([fla2) = Df(x)v. 


In fact, this is not just a linear map, it also satisfies a derivation prop- 
erty, in the sense that 


v([flalgla) = eval: ([flx)v([gle) + evals ([glx)u([fa)- 


Which, rewritten in a more familiar form, is just a way to rewrite the 
Leibniz rule: 


D(fg)(a)v = f(@) Dg(w)u + g(x) Df (@)v. 


Note that we have now two different interpretations for v: it is 
both a vector in R” and a linear map C'°(U) — R satisfying the 
derivation property. > 

Motivated by Example 2.3.6, we define a tangent vector as a 


derivation on the space of germs. 


Definition 2.3.7. Let 1/ a smooth manifold of dimension n and let 
p¢ M. A tangent vector at p is a linear map 





v:Cy(M)—>R (2.2) 


which is also a derivation, i.e. 


v([flplalp) = eval, ([f]p)u([glp) + eval, ([glp)u([flp)- 


Since a tangent vector is a linear map from the vector space 
Cy (M) to R, the set of all tangent vectors at a point p is itself a vector 
space which we denote 7, M and call tangent space. © 


Let’s poke our definition and see if it makes any sense. Do these 
vectors at least satisfy the most elementary properties of derivations? 
For example, is the derivative of constant functions actually zero? 


3 Tn what follows, we will think of U 

as both an open subset of R” and a 
smooth manifold depending on what is 
most convenient for us. 


Keep always in mind that the value 
u([f]p) only depends on the value of f 
around the point p. 


4 Exercise: why is this true? 
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Lemma 2.3.8. Let M be a smooth manifold, le) U < M be an open set 
containing pand let v € T,M. Denote by |c], the germ of a constant 
function (U,p > c). Then v([e]p) = 0. 


Proof. Since {c], = c[1]p, by linearity we have v([c],) = cu((1],). Thus, 
it will be enough to show that v((1],,) = 0. Since v is a derivation, the 


algebraic properties of the space of germs imply Keep this simple trick in mind, it will 
be useful in the future. 


v([1]p) = vp Up) = 2eval,([1Jp)o([Hp) = 2v([1 Jp). 











Thus, v((1],) = 0, concluding the proof. 





As you can see, working with equivalence classes is doable... but 
it is also unnecessarily cumbersome. As we did with atlases, we 
would like to get it over with. 


Definition 2.3.9. Let MZ be asmooth manifold and p « M. Let 





W C M beany neighbourhoods of p. Amap wy, : C°(W) > Ris We are still talking about derivations 
called a derivation of C”(W) at p if it is linear over R and satisfies Shfunehene at speci: pam nate 
me be confused with the derivations of 
Leibniz rule the algebra C(W) which we will 
Wp (fg) = f (p) Wp (g) + g(p) Wp (f). introdce later and will be maps of the 


kind C“(W) > C®(W). 
) 


If v € T,,M, then we already saw that v naturally defines a deriva- 
tion w, of C“(W) at p for any open neighbourhood W of p. In this 
case 


wp(f) = o([flp): (2.3) 


Showing that the opposite is also true will require a bit of work. 


Proposition 2.3.10. Let M be a smooth manifold, p € M and W any 
neighbourhood of p. Then there is a linear isomorphism between T,M and 
the space of derivations of C°(W) at p. 


Proof. To prove the theorem we need to invert (2.3) and define a 
tangent vector in terms of of a derivation of C?(W) at p. We will 
proceed in three steps. 


Step I. Let wp : C°(W) — R bea derivation at p and suppose that 
f ¢ C”(W) is identically zero on a neighbourhood Wo < W of p. We 
are going to show that w,(f) = 0. 
By Proposition 1.4.1, we can find a cutoff function p : M — R 
such that p(p) = 1 inside Wy and supp(p) < Wo. Consider now 
g = pf : W — R. Then g is identically zero in the whole W, and 
thus? w,(g) = 0. Using Leibniz rule, the fact that p(p) = 1 and 5 Follows by linearity, exactly as in 
f(p) = 0, we get Lemma 2.3.8 


0= Wp(g) = Wp(Pf) = p(P)Wp(f) + f(p)wp(p) = Wp(f)- 


Step II. Let [f], € Cy°(M). We want to show that it is always pos- 
sible to find a representative for [f], with domain W, that is, there 

exists g € C?(W) such that [9], = [f]p. Let (V, f) be any represen- 
tative of [f],. Since germs are local, if necessary, we can shrink V 
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so that V < W. Here comes the tricky bit: we need to extend f to 

a function g defined on W which coincides with f in some neigh- 
bourhood of p! To this end, choose® a smaller neighbourhood U of p 
such that U < V c W. Again, Proposition 1.4.1 comes to the rescue. 
Apply it with K = U and “U” equal’ to V, and consider 


plaf(a), ae, 


g:W-R, g(q) = 
0, qe W\V. 


Since glu = f, we have {g], = [f]p, proving the claim. 


Step III. We can now complete the proof. Let w, : C?(W) > Rbe 
a derivation at p. A tangent vector is a linear map v : C/?(M) > R, 

see (2.2), and a derivation. We would like to define one in terms of 

w. Given any [f], ¢ C>°(W), the previous step guarantees that there 
exists a representative (W, f) for it, so we can define 


u([flp) := Wp(f), where (W, f) is any representative of [f],. 


Such v is a derivation by construction, so if it is well-defined, we are 
done. To this end, assume that there exists a different representative 
(W, g) for [f]p. Then, by definition, there exists a neighbourhood V < 
W of psuch that f|vy = glv. By linearity, w,(f) — wp(g) = wp(f — g) 
and, by the first step in the proof, w,(f — g) = 0. 

The assignment w, +> v inverts (2.3), completing the proof. 














This seemingly innocent proposition, has some very important 
consequences. 

First of all, from now on we are free to interpret tangent vectors 
in T,M as derivations of C”(W) at p for any® open set W ¢ M 
containing p. As it turns out, this allows us to give our first example 
of tangent vector. 


Example 2.3.11. Let M be a smooth manifold of dimension n and 
y:U +~Vc R”achartonU c M. Let x’ = r’ o ~ denote the 
local coordinates? of y. For any p € U, we can define a derivation of 
C”(U) at pas 


0 








0x" |p POU) > R, 
- i) = Fo) = Di(f og *)(y(p)). 





From now on, it will get more and more convenient to draw commu- 
tative diagrams to see “how things are moving around”: 


M>U —¢—+ V ck” 


| a 


f foe 
Lee 
IR 


Oat 


We will soon see that {es 





|l<i< nf forms a basis for T, M. © 


® We can do this because topological 
manifolds are locally compact Haus- 
dorff spaces, which implies that every 
point has a neighbourhood with com- 
pact closure. You can take it for granted 
or have a look at e.g. [Lee11, Lemma 
4.65] or [Munoo]. 

7 Meaning the set that we called U in 
Proposition 1.4.1 is what we denoted V 
here. 


8In particular, it is often convenient to 
have W coincide with the domain of a 
chart or with the whole manifold M. 


9 See Notation 1.2.13. 


Secondly, we can immediately state some very useful corollaries. 


Corollary 2.3.12. Let M be a smooth manifold and let W < M be anon- 
empty open set considered as a smooth manifold. Then, for any p € W there 
is a canonical identification T,W = T,M. 


Corollary 2.3.13. Let M be asmooth manifold and p¢ M. LetW © M 
be an open neighbourhood of p. If f € C'°°(W) is constant in a neighbour- 
hood of p, then v( f) = O forall v € T,M. 


With these new tools at hand, we are ready to state and prove an 
important result on the size of the tangent spaces. As it turns out, if 
M is an n-dimensional manifold, T,,M is a finite dimensional vector 
space, naturally isomorphic to R”. 


Theorem 2.3.14. Let M be a smooth manifold of dimension n and pe M. 
Then T,M is a vector space of dimension n. 


The theorem will follow immediately once we construct a basis 
for T,,M. To that end, we need a preliminary result from multivari- 
able analysis. 


Lemma 2.3.15. Let U < R”,0 € U, bea star-shaped’° open set and 
he C%(U). Then, there exists n smooth functions g,: U > R, 1 <i<n, 
such that g;(0) = D;h(0) and 


h=h(0)+r'gi 
where r* are the coordinates introduced in Notation 1.2.13. 


Proof. Fix a point x = (z',...,2”) € U. Let y» : [0,1] + U denote the 
line segment from 0 to x, parametrized as 7, (t) = ta. 
By the chain rule, 


—(ho7,z)(t) = (D;h(tz)) - < (t2") = x’ D,h(tz). 
The fundamental theorem of calculus then implies 
h(a) — h(0) = (ho yx)(1) — (2 Ye)(0) 


-| “(ho ve)lt) i= “| D;h(tx) dt. 


Since x’ = r’(x) by definition, the theorem follows by defining 


g(x) = i D,h(ta) dt. 














Theorem 2.3.14 now follows from the next statement. 


Proposition 2.3.16. Let M be a smooth manifold of dimension n and 
pe M. Lety: U — V bea chart on M around p, i.e. p € U. Then any 
tangent vector v € T,.M can be uniquely written as a linear combination 

, O 


av 
v=v'— 
Ox? 





, uy = v(x"). 
P 





Ox? 


Thus, \e 





; | l<i< nf} is a basis of T,M. 
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*° An open set U < RR” containing the 
origin, 0 € U, is called star-shaped if U 
also contains the line segment from 0 to 
x for any x € U. 


< This is our first use of Einstein 
notation, this equation should be read 
as h(x) = h(0) +O", r#(e)gi(e). 
Using the global euclidean chart, «* = 
r(x) and h(«) = h(0) + D7, 2*gi(2), 
which you may recognize as the first 
iteration of the usual Taylor-MacLaurin 
formula. 


<— Again, due to Einstein notation, 
the right hand side should be read as 
DL, e Di h(ta). 


< For one last time, due to Einstein 
notation, the right hand side should be 
read as ))"_, x? i D;h(ta) dt. 


<— Since we consider upper indices 

in the denominator as lower indices, 
the equation should be read as v = 
yt a . If M = R”, what we are 
saying here is that u(f) = v- Vf = 
Df v, that is, v acts as the directional 
derivative in its direction. 
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Proof. We may assume without loss of generality that y(p) = 0 and, 
thanks to Corollary 2.3.12, that U is star-shaped. Let f ¢ C(U). By 
Lemma 2.3.15 with h = f o py! we get 











f= fv) +2'(G.09), 910) = Dilfoe 0) = | (). 
Thus, for any derivation v, we obtain 
v(f) = o(f(p)) + o(a*) gi (0) + 2*(p)o(gi 0 y) = v(a!) ot): 


The right hand side is obtained observing that y(p) = 0, and thus the 
components x'(p) = 0 are all zero, and applying Corollary 2.3.13 to 
the constant f(p), which ae u(f ie) = 0. 


It follows that the set 





| 1<i<np> spans T,M. We now 


za" |, 





need to show that its diements are linearly independent. Observe 
that 

0 

Ox; P 








(r/ 0g) 








7 Ox; P 
= Dj(r? 0 po y")(y(p)) 
= Djr' (y(p)) = &. 
Thus, if 


U 





. Oo 
= a’ — 0, 
OX; P 
1 < n, we obtain (a",... 


by letting v act on 27, j < a”) = 0, proving 











the linear independence. 





Remark 2.3.17 (Change of coordinates). Suppose y and w are two 
different charts about p, with corresponding coordinates x‘ := r'o 


é 


and y’ := r' ow. Taking v = 





in the previous proposition implies 








h 
that a | _ 8 | 035 a 
oy p dylp” Ox" |p 
Expanding the definitions, we get 
0 . ; 
fe LNG) = Dio poe )\(Y)), 


which is the (2, 7)th entry in the matrix D(pow a ‘:p)) as es 
at the beginning of Section 2.2. In other words, D(y o W~')(w(p)) is 


a) 
ay" |, 





<n} to the basis 





the transition matrix from the basis { 


{ a 
Ox* 
Pp 


Example 2.3.18. The transition map between the standard euclidean 





| i<icnl, % 


coordinates and the polar coordinates on appropriate open sets in R? 
is given by (x,y) = (pcos(@), psin(@)). Let p € R* denote the point 
with coordinates (p,@) = (3,7) and v € T,,R? the tangent vector with 
polar coordinate representation 


ae @ | 2 
— Oplp = (OO |p 


If we are careful with the meaning 

of our notation, we could ae more 
a (p ) in place of = Bile (f) in 
the same fashion as in emo 2.3;14. 





If we start getting used to thinking of 

these vectors as actual derivatives and 

hide the dependence on p, then the 

equation on the left can be rewritten as 
é ox" 0 


Bul = OyF eat 
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Applying the equations in Remark 2.3.17, we get 





£ ' = —3sin(n) S| + Bcos(n)< | a ae 


and thus, the vector v in standard coordinates is represented by 


0 


al 


0 


+35). 


v= 
Exercise 2.3.19. Let (x, y) denote the standard coordinates on R?. 
1. Show that (%, ¥), where 

=a and ¥=yt+z2°, 


are global smooth coordinates in R?. 


2. Let p = (1,0) € R? in standard coordinates. Show that & 





a) 
Fag 
Pp Pp 


even though the respective coordinate functions are identically 





equal. 


This shows that the coordinate vectors in the tangent space depend 
on the whole coordinate system and not just on the single coordinate 
function they are associated to. * 


WE ALREADY MENTIONED that there are multiple equivalent defini- 
tions of the tangent space. In the following exercise you will provide 
one in terms of charts and euclidean derivatives. Soon, we will see 
yet another definition. 


Exercise 2.3.20. Let {Vq | a € A} be a family of vector spaces indexed 
by aset A, let W bea fixed set and let T, : Va — W be a bijection for 
alla € A. Assume that for any a, 8 € A, the composition T;* 0 Ta : 
V. — Vz is a linear isomorphism. Show that there is a unique vector 
space structure on W such that each J, is a linear isomorphism. 


Exercise 2.3.21 (Tangent vectors as equivalence classes of charts and 
vectors). Let M/ be a smooth m-manifold with maximal smooth atlas 
A. For p € M, let A, < A denote the set of charts y € A such that p 
lies in the domain of y. 


1. Show that 


(v,9) ~ (wh) — = Doe )(ylp))v =v. 
defines an equivalence relation on R™ x Ap. 


2. Let 7, denote the set of equivalence classes [(v, y)] € R’ x Ap/~. 
For y € A,, show that the map T, : R™ — 7, given by Tyv := 
[(v, y)] is a bijection. Deduce™ that 7, admits a unique vector “ Hint: use the previous exercise! 
space structure such that each Ty, is a linear isomorphism. 


38 ANALYSIS ON MANIFOLDS 


3. Let y be a chart defined on a neighbourhood of p with local coor- 
dinates x’ = r'o yandlet T,, : R” — T,M denote’? the linear 


isomorphism defined by T e; = = 





> Show that there exists a 
linear isomorphism S, : 7, — T,M which in addition satisfies 
Sp © T,, = T, for every chart y about p. 


2.4 The differential of a smooth map 


IN THE CASE OF A SMOOTH MAP BETWEEN EUCLIDEAN SPACES, the 
total derivative of the map at a point (represented by its Jacobian 
matrix) is a linear map that represents the best linear approximation 
to the map near the given point. In the manifold case there is a 
similar linear map but, as we discussed, it makes no sense to talk 
about a linear map between manifolds: we need to find a suitable 
linear map between tangent spaces. 

It should not come a surprise that with the constructions devel- 
oped so far not only do we have one such map, but we can directly 
relate it to a derivative. 


Definition 2.4.1. Let fF : M — N beasmooth map between the 
smooth manifolds M and N, and let p ¢ M. The differential dF, of F 
at pis the map’? 





dF, :TpM —> Trip) N, di wif) =v for), VPear WN). 


0 


Indeed, v > dF;,(v) is a linear map (why?) defining a derivation 
at F'(p) acting on functions in C”(N) (why?) and, as such, is also a 
tangent vector in Typ) N. 


Exercise 2.4.2. Answer the two (why?) above. * 


Exercise 2.4.3. Let M = Rand N = R? with coordinates x = 
(x',x?,x°) and y = (y',y*) respectively. Consider the function 
F(a',2?, x9) = (1x, (a?)? — 1). What is dF(11,1) (so — 25%5)? * 


Theorem 2.4.4 (The chain rule on manifolds). Let M,N, P be smooth 
manifolds and F: M > N,G: N — P be two smooth maps. Then 


d(G O° F), => dG Fp) fe) dF. 


Proof. Since dF, : T,M — Trip) N and dG pip) : Trip) N > Ta(r(p))P, 
the map d(Go F), : T,M — Tg r(p))P has the right domain and 
codomain. Take now v € T,M and f ¢ C”(P). We get 


d(G o F),(v)(f) = v(f oGo F) = dF,(v)(f 0G) 


® dG nip (dFy(v))(f) = Gr 0 dF, (v)(f), 














where in (*) we used the fact that dF,(v) € Trp) N. 


2 As it turns out, this is the same as 
Tx defined in (2.4), however in this 
exercise we use a different notation 
to emphasize the dependence on the 
chart. 


If you are curious about what happens 
if you consider higher order approxi- 
mations, try to look up Jet Space with 
your favourite search engine. 


13 In the differential geometry literature, 
the differential has many names: you 
can find it called tangent map, total 
derivative or derivative of F. Since it 
“pushes” tangent vectors forward from 
the domain manifold to the codomain, 
it is also called the pushforward. If 

that was not enough, different authors 
use different notations for it: besides 
dFp(v), you can find Fup, F’(p), TpF, 
DF‘(p){v] or variations thereof. 





The alternative D notation, in this case, 
makes the relation to the usual chain 
rule even more evident: D(G o F)(p) = 
DG(F(p)) 0 DF(p). 
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Remark 2.4.5. The differential of the identity map idjy : M — M at 
any point p € M is the identity map 


id, : TpM _- T,M. 


Indeed, d(idaz)p(v)(f) = v(f co ida) = v(f) for any v € T,M and any 
feC%(M). % 
The definition we gave seems quite abstract, let’s see what it looks 


like in coordinates. 


Proposition 2.4.6. Let F : M™ — N” bea smooth map between smooth 
manifolds. Let p € M,and let p : U > y(U) bea chart on M about p and 
w:V — w(V) beachart on N about F(p). If (x*) denotes the local co- 
ordinates of y and (y') the ones of w, the matrix of dF, with respect to the 


bases { =2; | F=1,...,m} of TM and { 327] nq) | a 


oxi > 
Tr(p)N is given by the Jacobian matrix D(w o F 0 y~')(y(p)). 

Proof. The proof follows from the following direct computation after 
observing that the number D;(r?owo Foy—')(y(p)) is the (i, 7) entry 
of the Jacobian matrix D(y o F 0 y~!)(y(p)). For any j = 1,...,m, 
Remark 2.3.17 implies 


é é ~ 0 
aF, (<|,) =a (|) w5 


0 P 0 
= ail, (¥ OF) a 


= Dir! ovo Foe Nol) 








F(p) 





F(p) 





F(p) 














Exercise 2.4.7. Show that the matrix of dF, in terms of the coordinate 














bases is ‘ : 
O 
cf (p) cF"(p) 
oF (p) + Fe (p) 


without using the Proposition above. Here oF" (p) - sa ey 
where F" is the ith component of F' with respect to the chart with 
coordinates y. 

Hint: show that dF, (& 





bes) tt 








JN =(F04 


A PARTICULARLY IMPORTANT CONSEQUENCE of this theorem is 
that if we set M@ = R™ and N = k” our definition coincides with 
the euclidean notion. This is easily checked by taking yp = idpm 
and 7 = idpn. Then the coordinates (x!,..., 27) are the standard 
euclidean coordinates for R™ and the coordinates (y',...,y”) the 
ones for R”. 
Let f : U Cc R™ — R” be a smooth function and define the linear 

isomorphisms 

0 
xt 


n n 0 
Ty: R > T,R 5 Tye = 38 


Tr :R”™ > Tale 5 Ti: €i ss 





x 


(2.4) 





y 
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where {e€1,...,€m} denotes the standard basis of R™ and {e/,...,¢/,} 
denotes the standard basis of R”. 

On the one hand, we have the total derivative Df(x) : R” > 
R” from multivariable calculus: a linear map, the Jacobian matrix 
of partial derivatives. On the other, we have the differential df, : 
T,R™ — Ty()R™ defined above: also a linear map, related to the 
Jacobian matrix of partial derivatives by Proposition 2.4.6. In fact 
we know more, since Proposition 2.4.6 tells us that the following 
diagram commutes: 


R™ Df(2) R” 


Tx T (a) - 


T,.R™ —** + Ty R" 
More generally, the same kind of reasoning shows the following 
fact. For any smooth map F’ : M™ — N” between smooth manifolds, 
if y isa chart about x € M with coordinates (x) and 7 is a chart 
about y = F(x) € N with coordinates (y’), the following diagram 
commutes: Recall that the following commutes: 


m D(voFoe *)((2)) on 
lace mM—£_+N 


Tx T(x) , | 


dF, Rm er $y [Rn 
T;M —=—+ Tp(o)N 


where T;,, and Tp») are defined as above. 


AN ASPECT OF THE CONSTRUCTION ABOVE IS PARTICULARLY DIS- 

TURBING: it forced us to fix a basis on the spaces; if this were truly 

necessary it would defeat the purpose of this whole chapter. Fortu- 

nately for us, the following exercise shows that, at any given point, 

the tangent space to a vector space is canonically** identified with “4 That is, independently of the choice 


the vector space itself. of basis. 


Exercise 2.4.8. Let V and W be finite-dimensional vector spaces, 
endowed with their standard smooth structure (see Exercise 1.2.12). 


1. Fix a € V. For any vector v € V define a map 7a(v) : C?(V) > R 
by 


dt lt=0 


d 
Talv)f =) fla + tv). 
Show that the map v +> 7,(v) : V > T,V is an isomorphism of 


vector spaces. 


2. Let L : V — W bea linear map. Show for any a € V that the 
following diagram commutes: 


————— 7 
Ta Tha: 


py — 8 7 Ww 


An important consequence of what we have seen so far is that 
we can routinely identify tangent vectors to a finite-dimensional 
vector space with elements of the space itself. More generally, if M 
is an open submanifold of a vector space V, we can combine the 
identifications T, MM ~ T,V ~ V to obtain a canonical identification 
of each tangent space to M with V. For example, since GL,,(R) is 
an open submanifold of the vector space Mat(n, R), we can identify 
its tangent space at each point X € GL,,(R) with the full space of 
matrices Mat(n, R). 


Exercise 2.4.9 (Tangent space of a product manifold). Let M1,..., Mz 
be smooth manifolds (without boundary’>), and for each j let 7; : 


M, x -+: x My — M; be the projection onto the M; factor. For any 


point p = (p1,..., pe) € My x --- x My, the map 
a: T,(M, x--- x My) > T,Mi x --- x T,My 
oa: ur (d(m1)p(v),.--, d(T) p(v)) 
is an isomorphism. Ww 


Remark 2.4.10. When M is a smooth manifold with boundary and p 
is an interior point, all the discussions above apply verbatim. In par- 
ticular, the tangent space at a boundary point of an n-dimensional 
manifold with boundary is also an n-dimensional real vector space 
that can be identified (non-uniquely) with R” using a chart contain- 
ing that point. 

For p € 0M the only change that needs to be made is to substitute 
H” for R”, with the understanding that the notation as v(p) Can be 
used interchangeably to denote either an element of T,,(,)R” or of 





Tyo(p)H”. In the latter case, the nth coordinate vector oS > should be 
interpreted as a one-sided derivative. v) 


In the next section we will give yet another alternative way of 
defining tangent vectors: less elegant but easier to compute. 


2.5 Tangent vectors as tangents to curves 


Exercise 2.4.8 may have left some thoughts hanging in the air... From 
the look of it, it seems that there is a relation between tangent spaces 
and the velocity of a body moving with constant speed. In this sec- 
tion we will further explore these thoughts. 


Definition 2.5.1. If M is a manifold with or without boundary, we 
define a (parametrized) curve in M to bea smooth’® map 7: I > M, 
where J = (a, 6) C Ris an interval. .) 





Fix t € (a,b). A priori we have two different ways to define the 
velocity vector of 7 at a time t, that is, an element y'(t) € Ty) M: 





(i) We can define a derivation on C”(M) at +(t) by setting 


VO(P) = (for, fec*(M). (2.5) 
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*5 The statement is true also if one 

(only one!) of the MM; spaces is a 
smooth manifold with boundary. If 
there is more than one manifold with 
boundary, the product space will have 
“corners” that cannot be mapped to 
half spaces and thus is not a smooth 
manifold, as a simple example you can 
consider the closed square [0, 1] x [0, 1]. 


M 


© Continuously differentiable would 
be enough, but assuming it smooth 
simplifies the exposition. 
Conventionally, b = —a = € > 0 (the 
reason will be clear in a second) and 
we denote the coordinate on R by t and 
the derivative of y at a point t by ’(t). 
We say that a curve starts at p € M if 
Oe land 7(0) =p. 
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Exercise 2.5.2. Show that this is indeed a derivation on C(M). 


* 
(ii) If we think of 7 as a smooth map between manifolds, we can 
define the tangent vector via the differential dq: 
/ a d 0 
y(t) = dy =|, eT M. (2.6) 


Do these definitions agree? One way to check is to pick a chart y : 
U — ¢(U) ina neighbourhood of +(t), and compare the expressions 
in local coordinates. Let («’) denote the coordinates of y and define 
the curves 7’ := z'0o 7: I > R. Let’s focus on (2.5). By definition, 
7 (t)(a") = (a? 0 y)'(t) = (9’)'(t), therefore by Proposition 2.3.16 we 
get 


0 


YOQ=7O@C 55 (2.7) 





a(t) 
Exercise 2.5.3. Show that applying Proposition 2.4.6 to (2.6) leads to 
the same formula as (2.7). * 





Figure 2.2: The velocity of a curve 


But how can this mapping between curves and tangent vector be 
well-defined? Surely, there must be multiple curves with the same 
speed at a point which differ outside a neighbourhood of the point. 


Lemma 2.5.4. Let M be a smooth manifold and y,6 : (—e,«) > M 
two smooth curves with y(0) = 6(0). Then, y/(0) = 6(0) as elements 
of Ty(9)M if and only if for some (and thus any) chart p : U — ((U), 
7(0) € U, we have (y o y)'(0) = (yo 5)'(0). 


Proof. Let (a*) denote the coordinates of y. The condition (vy o 

7)'(0) = (y 0 6)/(0) is equivalent as stating that (y')/(0) = (6")'(0), 
where y' = x’ o y and 5° = 2’ 0 6. Then, the claim follows from (2.7) 
and the fact that {am ' is a basis of T (9) M. 

















(0 


This seems to follow a pattern: until now, all the definitions of 
tangent vectors where in terms of classes of equivalence. And it 
would seem reasonable to identify curves that that have the same 
tangent vector at 0. There is still a potential problem, though: we 
don’t yet know if every tangent vector can be written as the velocity 
vector of a curve. 


Theorem 2.5.5. Let M bea smooth n-manifold, let p € M and let v € 
T,M. There exists a smooth curve y : (—€,€) — M such that y(0) = p and 


(0) = v. 


Proof. Let py : U > y(U) bea chart about p such that y(p) = 0. Let 
(x*) denote the coordinates of y, as usual, and assume that 





er ee a’ é Rforalli=1,...,n. 
Ox" p 
For € small enough, by continuity the vector (ta’,..., ta") € y(U) for 


all |t| < «. Therefore, the curve 
y:(-6<) > M, y(t) =~ '(e’"..., ta"), 


is well-defined, smooth, satisfies y(0) = p and, by (2.7), 7/(0) = 











VU. 





This means that we can actually give an alternative definition of 
T,M in terms of tangents to curves: 


Definition 2.5.6. A tangent vector at p € M is an equivalence class’7 
of smooth curves 7 : (—e,€) ~ M such that (0) = p, where y ~ 6 if 
and only if (yo 7)'(0) = (yo 6)’(0) for some chart y centred about p 
(see Lemma 2.5.4). ) 


In fact, it is possible to start the whole tangent space discussion 
with the above definition. In that case, you would first need to prove 
Exercise 2.3.20 and endow T;,,M with a vector space structure?®. 

To conclude this part, the next proposition shows that velocity 
vectors behave well under composition with smooth maps and give 


us a direct, explicit and effective way to compute differentials. 


Proposition 2.5.7. Let F : M — N beasmooth map between smooth 
manifolds and y : I — M a smooth curve in M. Then 


dF) (7 (t)) = (Fo 7)'(t). 


Proof. We are going to use (2.6) as definition of 7’(t). Applying the 
chain rule we obtain: 

















Exercise 2.5.8. Give an alternative proof of Proposition 2.5.7 us- 
ing (2.5) as definition for 7’ (t). 


Hint: use the definitions to rewrite the formula in different ways. * 
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Figure 2.3: With this definition, the 
coordinate tangent vectors 0,,i; € T,M 
become the tangent vectors defined by 
the curve 


tr> pt (a"(p),...,0°(p) +4,...,2"(p)). 


*7 Usually we say that two such equiva- 
lent curves have a first order contact at 
Dp. 

*8 To get the analogue result as Proposi- 
tion 2.3.16 
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2.6 The tangent bundle 


Instead of working separately with the various tangent spaces, we 
can “glue” them together into a big manifold. 


Definition 2.6.1. The tangent bundle TM of M is the disjoint union 
of the tangent spaces 


TM := | | ({p} x TM) = {(p,v) | pe M, ve TM}. 
peM 


Elements in T'M are pairs’? (p, v) of a base point p € M anda 
tangent vector v « T,M. 

To the tangent bundle we associate a surjective map 7:TM —> M, 
the projection (onto the base), which sends each vector in a tangent 





space to the point at which it is tangent, that is, 7(p,v) = p. The 
second component of the pre-image 7~'({p}) = {p} x T,,M, that is 
T,M itself, is called the fibre over p € M. We will come back to this 
later on once we talk about vector bundles. 





Example 2.6.2. Let M c Ik” be an an open set. We can identify TM 
in a natural way with M x R”. Since M x R” c R?” and thus is a 
manifold, we can equip the tangent bundle TM with the structure of 
a manifold induced by this identification. % 


As it turns out, this is a particular instance of a more general fact. 


Theorem 2.6.3. Let M be a smooth n-manifold. The smooth structure 
on M naturally?° induces a smooth structure on TM, making TM into a 
smooth manifold of dimension 2n. Moreover, the map x : TM — M is 
smooth. 


Proof. STEP 1: EXTENDING CHARTS FROM M To T'M. Given a chart 
(U,y) about p € M, the preimage 7~'(U) < TM is the set of all 
tangent vectors to M at points of U. If (x’) denotes the coordinate 
functions of , we can define a map ¢ : t~'(U) > y(U) x R" c R” 





by 
@ ge — (28) ing (B) 0 cove) 4 (2.8) 
Ox? p 
Since ¢ can be explicitly inverted as G~' (z',...,a",v',...,0") = 
ws ia it defines a bijection onto its image. 
— x 





yg 


STEP2: COMPATIBILITY OF THE EXTENDED CHARTS. Suppose we 
have two smooth charts (U, ~), (V, /) for M with the respective 
local coordinates (zx) and (y’). Let (r~!(U), 8), (w~1(V), w) be their 
extension’ to TM as in the previous step. By construction**, both 
B(r-1(U) Aa *(V)) = p(U AV) x R® and h(a} (U) a 1(V)) = 
w(U 4 V) x R” are open in R?”. Moreover, we can take advantage 





19 We will often abuse notation and 


identify TM with with its image 
under the canonical injection v > (p, v) 
and use interchangeably any of the 
notations v, Vp or (p, v) for a vector 

in Tp M (depending on how much 
emphasis we need to put on the base 
point). 


2° Tn the sense that its definition does 
not require to make any arbitrary 
choices. 


In this proof you can see instances 
of a typical abuse of notation: in the 
expressions %* (a) we think of the #* 
as coordinate functions but we think 
of the x as representing a point in 
g(U nV). 


Keep in mind that 





e(U)y=TU =| |Buc| | Rw =TM, 


These are called bundle charts. 
» They are both homeomorphisms. 
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of Remark 2.3.17 to write explicitly the transition map yog 
p(U nV) x RX > WU AV) x R" as 


poe! (Fyn ig) 
0 oy” 
= (VO. Gow! Zoe), 


where p = ¢~' (a), which is clearly smooth. 


<r xR ne 


i) 


d 


| aaa 


| | ae - 


! | ‘+ 1 U. 
oa, pv) 


Figure 2.4: Coordinates for the tangent 
bundle 

Strer3: TM ts A MANIFOLD. With the procedure delineated above, 

a countable smooth atlas {(U;, »;)} of 17 induces a countable atlas 

{(x—!(U;), Gi)} of TM. First of all, {(a~1(U;)} provides a countable 

covering of T/. We need to show that the topology induced by 

those charts is Hausdorff and second countable. 

Let (p1, v1), (p2, v2) € TM be different points: either p; 4 p2, or 
pi = pz and v1 # vo. 


e In the first case, there are disjoint open sets Vi, V2 < U; (for some 
i) containing respectively p; and po. Then 3; '(y;(Vi) x R”) and 
@, '(yi(V2) x R") are disjoint open sets containing respectively 
(p1, 01) and (po, v2). 


e Inthe second case, p = p; = pz but there are disjoint open 
sets Vi, V2 © R” containing v; and v2 respectively; again, the 
preimages $; '(p;(U;) x Vi) and 3; '(yi(U2) x V2) (for some i such 
that p € U;) are disjoint open sets containing respectively (p1, v1) 
and (po, v2). 


The countable basis {U;} is a countable basis for the topology 
of M (which is second countable), taking a countable basis {W;,} 
for the topology of R”, we can define a countable basis for TM as 
{@-!((U; 0 U;) x Wx)}. The charts defined above make TM automat- 
ically euclidean of dimension 2n. 


46 ANALYSIS ON MANIFOLDS 
Exercise 2.6.4. This part of the proof seems unnecessarily detailed. 
Can you simplify it using Lemma 1.2.20? ww 


STEP4: 71s sMooTH. With respect to the charts (U, y) for M and 
(x—1(U), 6) for TM, the coordinate representation of 7 is 7(x,v) = 











x. 





The coordinates (x, v’) defined by (2.8) are called natural (or 
canonical) coordinates. 





Exercise 2.6.5. Let f : M4 — N be asmooth map between smooth 
manifolds. Show that its differential df : TM — TN isa smooth map 
between smooth manifolds (the respective tangent bundles). 

Hint: use the natural differentiable structure on the tangent bundle described 


above and the definition of smooth map. * 


Remark 2.6.6. In classical mechanics, the configuration space is usu- 
ally a manifold M. The tangent bundle T'M corresponds to the state 
space, that is, the space of configurations and velocities. In symbols 
x = (q,v) is a pair of a configuration q = m(x) and a velocity v € T,M. 
It turns out that the Lagrangian is a smooth function on 7M. © 


2.7 Vector bundles 


What we have seen here is our first example of vector bundle, which 
is just a way to call a vector space depending continuously (or 
smoothly) on some parameters, for example points on a manifold. 


Definition 2.7.1. A vector bundle of rank r ona manifold M isa 





manifold EF together with a smooth surjective map 7: E — M such 
that, for all p ¢ M, the following properties hold: 


(i) the fibre over p, E, := 7~'(p), has the structure of vector space 
of dimension 1; 


(ii) there is a neighbourhood U c M of pand a diffeomorphism 
y:m 1(U) > U x R" such that 


(a) 7 0p = 7 where 7 : U x R" — U is the projection on the 
first factor, 

(b) forallg € U, 15 : Eq — {gq} x R’ is an isomorphism of 
vector spaces. 


The space E is called the total space, the manifold M is the 
base space, 7 its projection and each of the maps y is called local 
trivialisation. 

If there exists a trivialisation defined on the whole manifold, that 
isamap yp: E > M x k", such map is called global trivialisation and 
the vector bundle is said to be trivialisable. © 





Example 2.7.2. e A simple example of vector bundle of rank r over 
a manifold M is the product space HE = M x R’ itself with the 
projection on the first component 7, : E — M. In this case the 
bundle is clearly trivialisable. 


TANGENT BUNDLE 47 


e The tangent bundle 7M with its projection to the base 7 : TM — 
M is a vector bundle. In this case the fibres are the tangent spaces 
n—'(p) = T,M. If the tangent bundle of a manifold is trivalisable, 
then its base manifold is said to be parallelisable. 


e Ifa; : E; > M;,i = 1,2, are vector bundles, then 7 = (7,72) : 
Ey, x Ey — M, x Mz is another vector bundle whose fibres are 
the product of the fibres of the two original bundles. A particular 
example of this is the tangent bundle T(M x M2), which is 
diffeomorphic to 7M, x TM. 


e Other examples will appear throughout the course. 


o 


Exercise 2.7.3. Show that the dimension of a vector bundle of rank r 
is dim(£) = dim(M) +r. * 
Exercise 2.7.4. Show that if 7 : £ — M isa vector bundle and U c M 
is an open set, then m|.-1(U) : t '(U) — U isa vector bundle of the 
same rank. * 


Example 2.7.5. Let 7 : E — M bea vector bundle of rank r. Assume 
that EF itself is the base space of another vector bundle 7, : E; — E 
of rank s. Then 7 0 7 : £, — M isa vector bundle of rank r + s 
called the composite bundle. Indeed, if g : m~'(U) > U x Ris 





a bundle diffeomorphism for E over U < M and 1 : my '(Ui) > 
U, x R* is a bundle diffeomorphism for £; over U; < E such that 
V :=n(U1) NU # @, then 


W := (yom, 41): (10m) 1(V) = (U x R”) x (Uy x RS) E 

is a bundle diffeomorphism for 7 0 7, over W. E 

A particular example of this is the tangent bundle of the tan- a c 
gent bundle: if M is a n-manifold, its tangent bundle TM is a 2n- 
manifold, and its tangent bundle T(T'M) is a vector bundle over 4 g 
of rank 3n. % at 

To compare vector bundles it is useful to define the following ge M 
concept. = 
Definition 2.7.6. An isomorphism between two vector bundles 7; : T: E=M vector bundla 
E;, — M,i = 1,2, over the same base space M is a homeomorphism Se ( (E) sechion 


h:E E> which maps every fiber 71 '(p) to the correspondin, 
Wee P y : (P) P 5 Figure 2.5: A useful mnemonic to 


7 —1 f 7 F 
fiber Tl (p) by a linear isomorphism. 0 remember what is a section, is to 
imagine it as a cross-section of the 
Since an isomorphism preserves all the structure of a vector bun- bundle. 


dle, isomorphic bundles are often regarded as the same. 


Definition 2.7.7. A section of a vector bundlez : E — Misa 
smooth map S : M — E such that 7 o S = idjy. We denote the set of 
all sections of E by T(E). 

If, in the definition, M is replaced by U < M, the section is called 
local section. The set of local sections on U < M is denoted ['(E|y). 


o 
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Example 2.7.8. If E = M x k", M c kR”, then for any smooth map 
F : M > R’ we havea section S € I'(£) defined by S(p) = (p, F(p)). 


tors to points. 
Notice, in particular, that functions f € C'°(M) are sections of the 


> 


SAAN 





This is a classical euclidean vector field: a map that associates vec- 
trivial bundle M x R. > 


One can sometimes distinguish non—-isomorphic bundles by look- 
ing at the complement of their zero section: since any vector bundle 
isomorphism h : E; — E2 must map the zero section of E; onto the 
zero section of E2, the complements of the zero sections in £; and 
£2 must be homeomorphic. 

If the bundles are differentiable manifolds, then the definition of 
isomorphism nicely generalizes: they are diffeomorphic if fibres are 
mapped to fibres diffeomorphically. 

Even though, as we have seen, locally TM is diffeomorphic to 
M x k”, this is not true in general with one exception. 


Exercise 2.7.9. Let M be a smooth n-manifold that can be covered by 
a single smooth chart. Show that TM is diffeomorphic to M x R” 





ian manatee 


ammn mete oe oes 


aaa 


(without applying Proposition 2.7.13). * Figure 2.6: A vector field “attaches” 


vectors to points. 
Definition 2.7.10. A local frame of abundle z : E — M of rank 


r is a family of r local sections {5),...,5,.} < I'(E|y) such that 
{Si(p),.--,.5,(p)} is a basis for E, for allp ¢ U.IfU = M then 
{S1,...,5;} is called global frame. Sometimes, the sections 5; are 
called basis sections. ) 


Example 2.7.11. A chart on a n-manifold M with local coordinates 
(x") yields a local frame {5%,..., =<} of the tangent bundle TM. 
% 


In the spirit of what we have seen about the previous example, we 
have the following proposition. 


Proposition 2.7.12. Leta : EK — M bea smooth vector bundle and 
X : M — Easection. If {S;} is a smooth local frame for E over an 
open subset U < M, then X is smooth on U if and only if its component 
functions with respect to {.S;} are smooth. 


Proof. Let y : m~1(U) — U x R* be the local trivialization as- 
sociated with the local frame {S;}. Since y is a diffeomorphism, 
X is smooth on U if and only if ~ o X is smooth on U. If {X*} 
denotes the component function of X with respect to S;, then 
yo X(p) = (p,(X1(p),..., X*(p))), so y o X is smooth if and only if 
the component functions {X*} are smooth. 














That is, given a local frame {51,...,5,} < I'(E|y) of a vector 
bundle 7 : E — M we can express any section X ¢ I'(£) as a linear 
combination of elements of the frame: 


X= X'S, onJU, 


where X‘ € C”(U), i = 1,...,r. Which was to be expected: after all, 
for each p € U c M, the local frame is a basis for Ep. 
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Proposition 2.7.13. A vector bundle : E — M< is trivialisable if and 
only if it admits a global frame. 


Proof. Let py: E > M x R’ bea global trivialisation and {e1,...,e,} 

the canonical basis for R". For g € M x R", {Si(q),..-,S-(q)} := 

{e[,(e) aaa e-1,(er)} is a global frame for E (why?). 
Conversely, let {5;,...,.5,} be a global frame for E. Then 


p:BEoMxXR’, (p, v'S;(p)) (p, (v', ee sot) : 














is a global trivialisation for E. 


Example 2.7.14. The cylinder E = S' x Risa trivialisable vector 

bundle with 7 : E — S'. Incidentally, the cylinder is isomorphic to 

TS! (why?). % 
A useful generalization of vector bundles, which we will not 


discuss in the course, is the locally trivial fiber bundle, where R is 
replaced by a more general manifold. 


2.8 Submanifolds 


With differentials of smooth functions at hand, we are ready to dis- om NM OW. Wow 
cuss submanifolds: smaller manifolds sitting inside larger ones. 


Definition 2.8.1. Let 1’ and N” be differentiable manifolds and 
F': M — N asmooth function. 


e F isaimmersion if dF, is injective for allp¢ M (=> m<n); 


e F isasubmersion if dF; is surjective for all p< M (> m2>n); ! | ; 
e F isa embedding’ if F is an injective immersion that is also a 
homeomorphism onto its range F'(M) < N, where the topology = Enis iia patnculaneas ota aiet 
: general concept, the topological em- 
on FM) is the subspace topology as a subset of N. bedding, which defined as an injective 
continuous map that is a homeomor- 
0) phism onto its image. 


Example 2.8.2. 1. The prototype of an immersion is the inclusion of 
kR™ in a higher-dimensional R”: 


i: R™ OR", 


Indeed, the n x m matrix 


i «ie G 

0 1 0 

di, = Di(x) = | 0 1 
0 
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has full rank (equal to m) and is therefore injective. Moreover, the 
map 7 is injective and continuously invertible on its range, so it is 
also an embedding. 


2. The prototype for a submersion is the projection of R™ onto a 


lower-dimensional IR": a ("42") 0" ),..<4, 2) = (a) 5 2,8"). 
Indeed, the n x m matrix 
1 O 0 0 0 
dr, = Dr(x) = Od 
0 1 0 0 


has full rank (equal to n) and is therefore surjective. Hence, i is a 
submersion. 


3. Letm = 1,n > landy: R > R” asmooth curve. The map 7 is 
an immersion if and only if its velocity vector satisfies y'(t) 4 0 for 
allt € R. If the curve intersects itself, e.g f(t1) = f(t2) for some 
t; # ta, then f is not an embedding. 


Remark 2.8.3. Surjectivity of submersions or injectivity of immer- 
sions are properties of the differentials, not of the maps themselves. 
For example, if U < M open, the inclusioni : U — M is bothan 
immersion and a submersion. ) 


Definition 2.8.4. Let M and N smooth manifolds such that Mc N 
as a set. We say that M is an embedded submanifold of N if the 
inclusion M — N is an embedding. If the inclusion is just an immer- 





sion, we say that M is an immersed submanifold. ) 





This definition already hints to the fact that smooth maps are 
going to be usefulin providing ways to nicely include a manifold into 
the another and in giving new ways to construct manifolds in the 
first place. In the rest of this chapter we will try to give an answer to 
the following questions: 


e if F is an immersion, what can we say about its image F(M/) asa 
subset of N? 


e if F isa submersion, what can we say about its levelsets f~'(q) < 
M? 


And what can we say about the corresponding tangent spaces? 
Before moving on, it is useful to recall some results from multi- 
variable analysis. A function f : R’” — R” between euclidean spaces 
has rank k at x € R"” if its (n x m) Jacobian matrix Df (x) has rank k. 
The function has maximal rank*4 at x if k = min(n,m). When n = m, 
f has maximal rank at x if and only if the square matrix Df (x) is an 

invertible matrix. 
As for many local properties, this definition carries over to mani- 
folds rather “smoothly”. 


4 Alternatively, it is of full rank. 
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Definition 2.8.5. Asmoothmap F : M — Nhasrankkata 
point p if its differential dF, has rank k, that is, if the linear subspace 
dF,,(T,M) has dimension k inside Trp) N. o 





And the same is true for the inverse function theorem: compare 
the following statements. 


Theorem 2.8.6 (Inverse function theorem). Let U < R” open and 
f : U — R® bea smooth map. Assume that f has maximal rank at some 
x € U, then there exists an open neighbourhood Q < U of x such that 
f\2 :Q > f(Q) is a diffeomorphism. 


Theorem 2.8.7 (Inverse function theorem for manifolds). Let F' : 
M — N beasmooth function between smooth manifolds of the same 
dimension n. Let p € M and assume that F has maximal rank (i.e. rank 
n) at p. Then there exists an open neighbourhood V of p such that the 
restriction F : V — F(V) is a diffeomorphism. 


Exercise 2.8.8. Use the euclidean inverse function theorem (Theo- 
rem 2.8.6) on R” to prove Theorem 2.8.7. * 


In fact, also analogues of the implicit function theorem carry over. 
We will state them without going into the details of the proofs. 





Proposition 2.8.9. Let M™ and N” be smooth manifolds and F : M > 
N an immersion. Then for any p € M, there exists a neighbourhood U of p 
and a chart (V, 1) about F(p) € N such that 





(i) If y’ =r’ 0 ware the local coordinates of then Figure 2.7: Theorem 2.8.9 in a picture. 
FU)aAV={qeV | y™*1"@ =--- =y"(q =0$; (2.9) 
(ii) Fly is an embedding. 


If F is an embedding, and this M is an embedded submanifold, 
then the set F'(U) above can be written as F(U) = F(M) « W for 
some open set W c N. By replacing V in (2.9) with V 1 W, one gets 


F(M) AV ={geV | y™*(q) =--- =y"(a) = 0}. 


In particular, this means that a m-dimensional submanifold is also a 
m-dimensional manifold whose charts are the ones above after we 
drop the final n — m components. 

The proposition above shows that an immersion is always a local 
embedding. 


Exercise 2.8.10. 1. If M is compact, an injective immersion F : M > 


N is always an embedding. 


2. This is not necessarily the case in the non-compact case, give a 
counterexample. 


* 


Lemma 2.8.11. With the notation of Proposition 2.8.9, assume that around 
any point p € M there is a chart of the form 


MoV={aeV | y™?*(q)=---=y"(q) =OF CN. 
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Then, if we endow M with the subspace topology on N, M is a topological 
manifold of dimension m. Furthermore, it has a smooth structure that 
makes it into an embedded submanifold of N. 


Sketch. Let : R” — [R™ be the projection as in the examples 
above. Let p € M and let (V, 7) be a chart with coordinates (y’) of 
the form above. If we endow M with the subspace topology, then 
a= Toy may is a homeomorphism. Repeating this at any point 
we end up with a collection of maps satisfying the hypotheses of 
Lemma 1.2.20. Thus M is a smooth manifold of dimension n and its 
topology coincides with the subspace topology. 

Finally, with the inclusioni : M — N onehas that 7) 07 0 
Op cig) = 3s: 











,p”,0,...,0) which is smooth. 





A non-trivial consequence of the previous lemma is the following 
proposition”. 


Proposition 2.8.12. Let M bea smooth manifold and U < M an open 
set. Then U has a unique differentiable structure such that the inclusion 
L:U = M isa diffeomorphism. 


Up To THIS POINT, the first manifold either had the same dimension 
or was smaller than the second one. What if it is larger? 


Definition 2.8.13. Let F : M™ — N",m > n,beasmooth map 
between smooth manifolds. A point p ¢ M is said to be a regular 
point of F if dF has rank n at p, while it is called a critical point if it 
is not. 

Similarly, a point q € N is called a regular value if every point 
in F~1(q) isa regular point, and critical value otherwise. If ¢ ¢ 
F'(M), then q is considered a regular value (in the sense that there is 
nothing to check in its preimage by F’). Cf. Figure 2.8. 0) 


With this definition at hand, we are ready to state one of the most 
important theorems in this lecture. Differently from most previous 
ones, the statement is not local. 


Theorem 2.8.14 (Implicit function theorem for manifolds). Let 

m > nand let F: M™ —> N” bea smooth map between smooth manifolds. 
Ifq € N isa regular value of F and P := F~'(q) is not empty, then P is 
a topological manifold of dimension m — n. Moreover, there exists a smooth 
structure on P which makes it into a smooth embedded submanifold of M. 


Remark 2.8.15. If F : M > N isa submersion, Theorem 2.8.14 implies 
that any p € M belongs to the (m — n)-dimensional embedded 
submanifold F~1(F(p)). > 


We can gather this observation and the previous results (the 
inverse and the implicit function theorems) into the following propo- 
sition (of which we are also omitting the proof). 


Proposition 2.8.16. The following assertions are equivalent. 


(i) P™ < M™ is a n-dimensional submanifold?®. 


25 Refer to [Lee13, Proposition 5.8 and 
Proposition 5.31]. 


In Proposition 2.8.12 it is not enough to 
ask that « is smooth! As counterexam- 
ple consider the two manifolds (IR, A1) 
with A; := {(R,idp)} and (R, Az) 
with Ag := {(R,x +> x3)}. The inclu- 
sion of open sets in R is smooth in both 
cases but is a diffeomorphism only in 





Fee l=> 
V 


a ce 





—? 


Figure 2.8: Beware of the subtleties 
here. The map F' = mz © 7 for the 
inclusion? : T? <> R* and the 
projection 7z(x,y,z) = «. SodFy = 
d(x )i(p) © dip. The latter is zero if the 
image of TpT? by dip : TpT? — TpR? 
is contained in the yz-plane (the reason 
will be clear by the end of the chapter): 
the critical points depicted here are 
exactly those points for which the 
tangent plane is the yz-plane. 


26So,n <m. 
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(ii) P is locally the image of an embedding of a subset of R". That is, for 
every p € P there exists g < P open neighbourhood of p, an open set 
U < Rk” and an embedding 


p:U—>M = suchthat p(U)=V. 


(iii) P is locally a level set of a submersion into R™—”. That is, for every 
p & P there exists V < P open neighbourhood of p and a submersion 
w:V—>R™—” such that 


MoaV=({qaeV | $(q) = 9}. 


Remark 2.8.17. Whitney Embedding Theorem states that any smooth 
n-dimensional manifold can be smoothly embedded into R?”. Thus 
any abstract manifold is diffeomorphic to a submanifold of R™ (for 
some ™). ?) 


Remark 2.8.18. The concepts expressed in this section are extremely 
relevant in the contexts of mechanics and topology. Some good 
keywords to know more, here, could be Morse Theory, Floer Homol- 
ogy or Arnold’s conjecture. We will not get into this, but I will refer 
you to a nice article from Quanta magazine that touches upon these 
topics [Houz21]. .) 


Example 2.8.19. The sphere S* = {x € R? | |||] = 1} is a 2-dimensional 
submanifold of N = R3. This is immediate using the third condition 
in the Proposition 2.8.16: let ~(x) = |x|? — 1 : R® > R, then v is 
smooth, S? = {x € R? | ~(x) = 0} and, denoting t the coorindates 
on R, dviz(v) = v'S4|,2\o = (2a - v) So, that is, as a 1x3 matrix 
dw, = 2(a' x? x) so it is of maximal rank 1 for all x € S?. © 
Example 2.8.20. Let N = R?andP = {re N | a? = |a'j}. 
Then P is not a submanifold, but it can be equipped with a manifold 


structure. For example with the global atlas {(P, (x!, x?) + «')}, P 





is a manifold diffeomorphic to R. © 


Exercise 2.8.21. A real-valued function f : M@ — Rona manifold has 
a local maximum at p € M if there is a neighbourhood U < M of p 
such that f(p) > f(q) for all ge U. 


1. Show that if a differentiable function f : (a,b) > R, has a local 
maximum at x € (a,b), then f’(x) = 0. 


2. Prove that a local maximum of a function f € C?(M) isa critical 
point of f. 
Hint: choose Xp, € T,M and let y(t) be a curve in M starting at p with initial 


velocity Xp. The f oy is a real-valued function with local maximum at 0... 


* 


WE STILL HAVE A QUESTION PENDING Since the beginning of the 
chapter. Is the tangent space to a sphere the one that we naively 
imagine (see Figure 2.1)? To finally answer the question, we will 
prove one last proposition. 
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Proposition 2.8.22. Let F : M™ — N” bea smooth map between smooth 

manifolds. Let q € N be a regular value of F such that P := F~‘(q) 4 @ 

and let i: P — M denote the inclusion. Then, for all p € P, one has 
dip(I,P) = ker dF. 


Proof. Both di,(T,P) < T,M and kerdF, < T,M are linear sub- 
spaces of the same dimension m — n, therefore we only need to show 
that one contains the other, e.g. di,(T,P) < ker dF,. 
Take f ¢ C®(N) and v € T,P. By the chain rule?” we get 
(dF © dip)(v)(f) = d(F 0 t)p(v)(f) = o(f 0 F 04). 


Since Fo i p = qconstant, fo Foie C”(P) is the constant function 











p+ f(q) and by Corollary 2.3.13 we have v(f o F oi) = 0. 





Example 2.8.23. We have seen in Example 2.8.19 that S*? = F~1(0) 
is a smooth manifold of dimension 2. Denoting the inclusion by 
i: S? — R®, one has 
Olle =e) (2.10) 


where 7, : R? > T,R® is the map defined in Exercise 2.4.8 and 


p-:={qeR® | (p,q =0}, 


where ¢-,-) is the usual euclidean dot product. The latter directly 
comes from computing dF, and its kernel, which we essentially 
already did in Example 2.8.19. Take a long deep breath and unfold 
the definitions in (2.10), here it may be useful to draw a picture?®. 
Equation (2.10) implies that the tangent space to S? at a point p is 
the plane tangent to S? at p, as claimed in Figure 2.1. 
Exercise 2.8.24. Show that the above reasoning holds verbatim for 
Ser, * 
Exercise 2.8.25. Let U < R” openand f : U — Rsmooth. Define 
g:U >R"*! by 

g(x) = (@, f(a). 
Show that g is a smooth embedding and, therefore, that g(U) is a 
smooth embedded n-dimensional submanifold”? of R"*!. * 


Exercise 2.8.26. Show that the orthogonal matrices 
O(n) := O(n, R) = {Q € Mat(n, R) | Q7Q = id} 


form a n(n — 1)/2-dimensional submanifold of the n?-manifold 
Mat(n,R) of n x n-matrices. 
Show also that 


TgO(n) = {B € Mat(n, R) | (Q7'B)? =—-Q7'B}, 
and, thus, that T,qO(n) is the space of skew-symmetric matrices 
TiaO(n) = {B € Mat(n,R) | B? = —B}. 


Hint: Find a suitable map F : Mat(n,R) > Sym(n) such that F~'({p}) = O(n) 
for some point p in the image, e.g. 0 or id,. Here Sym(n) denotes the space of 


symmetric matrices. * 


*7 Proposition 2.4.4 


28 Which is generally always the case in 
geometry and topology, and most other 
mathematical fields. 


79 g(U) is the the graph of f! 
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OF COURSE, WE CAN ALSO DEFINE SUBBUNDLES. 


Definition 2.8.27. Let 7 : E — M bea ranlkcr vector bundle and 

F c Easubmanifold. If for all p ¢ M, the intersection F, :-= F 0 Ep 
is a k-dimensional subspace of the vector space E, and a|p : F > 
M defines a rank-k vector bundle, then 7|-7 : F — M is called a 
subbundle of E. © 


Exercise 2.8.28. Let M be asmooth m-manifold and N a smooth 
n-manifold. Let F : M — N be anembedding and denote M = 
F(M) CN. 





1. Show that the tangent bundle of M in N, given by TM := 
dF(TM) c TN|x, is a subbundle of TN| = by providing explicit 
local trivialisations in terms of the charts (U, y) for M. 


2. Assume that there exist a smooth function ® : N — R"~"™ such 
that M := {p € N | ©(p) = 0} and d, has full rank for all p  M. 


Prove that3° 3° Here T N| 5; denotes the the tangent 
bundle of N restricted to the base 


TM = {(p,v)€ T Ng | veker(dé,)}. pane Ae 


3 
Vector fields 


We continue with our quest of generalizing multivariable calculus. 
The next familiar object waiting to be questioned are vector fields. In 
the euclidean settings these are simply continuous maps that attach 
a vector to each point in their domain. 


3.1 Vector fields 


THE STEP TO ABSTRACT MANIFOLDs is rather intuitive in this case: 
a vector field will be a map that, at each point of a manifold, picks a 
tangent vector at that point in a smooth way. 


Definition 3.1.4. A C?-map X : M — TM witha o X = idy, or 
equivalently X, € T,M for all p € M, is called C?-vector field. The 
vector field is smooth if it is C? for all p > 1. We denote’ the set of 
smooth vector fields by X(M). 

The map x : 7M — M is called footpoint map and the equation 
mo X = idy, is called section property. © 





Remark 3.1.2. A careful look at the definition shows that vector fields 
are sections of TM, indeed X(M) = I(T). This is a useful way to 
start understanding the bundle terminology: in some sense, sections 
of vector bundles are a generalisation of vector fields. 0) 


Beware of the curse of differential geometry. For convenience 
and to be consistent with our notation for elements of the tangent 
bundle, we denote the value X, € {p} x T,M ofa vector field by 
X>, instead of X(p). Furthermore, we will often identify X, with its 
component in T,,M, thus considering it as if X, ¢ TM, without 
explicitly projecting it to the second component. 

Let M be a smooth n-manifold (with or without boundary). Let 
X :M TM bea vector field, not necessarily smooth, and (U, (2’)) 
a smooth coordinate chart for M. Then we can write the value of X 
at any point p € U as a linear combination in terms of the coordinate 
basis vector: 


j fal 
Xp =X (p) 





(3.1) 


Cx? p 
This defines n functions X* : U > R, called component functions of 
Xin the chart. 





: Alternative notations are 7;! (/), 
T(M) and I'(TM). The first two are 
related to vector fields being tensor 
fields of type (1, 0), a topic that we will 
discuss in the near future. 
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Exercise 3.1.3. Show that, in the notation above, the restriction of X 
to U is smooth if and only if its component functions with respect to 
the chart are smooth. * 


Example 3.1.4. If (U,(a*)) is a smooth coordinate chart for a n- 


é 


manifold M, the assignment p +> 3 >|, determines a vector field 








on U, called the ith-coordinate vector field and commonly denoted 
0;, Oz: or 0/0x'. Despite their looks, the 0, 
in T,M that can be associated to euclidean vectors via a suitable 
chart. 

The set {32 








p denote genuine vectors 


lo oes aera is a local frame for TM. 6) 


The space of smooth vector fields is a vector space under point- 
wise addition and scalar multiplication: for allp « M, X,Y € X(M), 
a, Bb € R, we have 


(aX + BY), = aX, + BY. 


The zero element of the vector space, called zero vector field, is the 
vector field whose values is 0 € T,M for all p € M. Moreover, each 
vector field can be multiplied by smooth functions f € C'(M/) by 


defining fX : M — TM by Be careful, we are talking about two 
different structures here: ¥(M) is 
both a real vector space and a C”(M)- 


(fX)p = f(p) Xp. module. 
Proposition 3.1.5. Let M be a smooth manifold with or without boundary. 
t If X,Y €X(M) and f,geC?(M), then fX + gY € X(M). 
2. X(M) is a module over the ring C”(M). 


In this sense, the basis expression (3.1) can be also rewritten as 
an equation between vector fields instead of an equation between 
vectors at point: 

, O 


X= ce 
Ox’ 


where X‘ denotes the component of the vector field X in the given 
coordinates. 


THERE IS ONE MORE way Of thinking about the coordinate basis 
expression above. We have seen that differentials of smooth maps 
define maps between tangent bundles. As it turns out, we can em- 
ploy differentials of diffeomorphisms to map vector fields to vector 
fields. 


Definition 3.1.6. Let F : M — N bea diffeomorphism of smooth 
manifolds. Then, the pushforward F,, of F, defined by? ? In coordinates, this reads 

1 (Fe X)q = dFp—1(q)(Xp-1(q)): 
Py, : ¥(M) > X(N), XP RX =dFoXoFk™, (3.2) 


maps (“pushes forward”) vector fields on M to vector fields on 
N. 0) 


The definition of pushforward is more easily pictured by means of 
the following commutative diagram: 


M +—_—_N 


x FX * 


Tit — 8 a py 


Then, if (U, ~) is a coordinate chart for M, the restriction of a 
vector field X € X(M) to U can be mapped to a vector field on 
p(U) < Rk” via the pushforward ¢,,: 


yxX: PU) > TeV) , 
Sy Sa 
CR” =yp(U)xR” 


YxX : a> (x,v(x)) with v(x) =v’! (ax)e; eR”, 


where v/ (x) are the components3 of X, € T,M at p = y~'(x) with 
Pp i . 
Example 3.1.7 (Computing the pushforward of a vector field). Let M 
and N be the following submanifolds of R?: 


respect to the coordinate basis { a 





M = {(z,y)eR* |y>0, c+y> 0}, 
N = {(u,v) € R? |u>0, v> 0}. 


Define F : M — Nas the mapping F(z,y) := («+ y,2/y+4+ 1). 
Then F is a diffeomorphism: we can compute its inverse by solving 
(u,v) = («+y,2/y +1) in for z and y, obtaining (x, y) = F7'(u,v) = 
(u — u/v, u/v) which is also smooth on all N. 

Let X € X(M) be given by 


0 


2 
Keo) = Valea 


we are now going to compute the pushforward FX. 
The differential of F' at a point (x,y) € M is represented by its 
Jacobian matrix, 


BEM a) 


thus dF'p-1(,,,) = dF o F~'(u,v) is represented by the matrix 


DF(u-u/v,u/v) = & bs on ‘ 


For any (u,v) € N, 
u? @ 
Xp U,V => | ; 
pM v2 Ox F-1(u,v) 


and, thus, by (3.2) (with p = (u, v)) we get 


 @ 


uo 
Cia 
( * MV eisai} we Du 


(u,v) v ov 








(u,v) 
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3 As we start getting used to, the chart 
y here plays a twofold role: it provides 
the coordinates x = y(p) on the 
patch U and the coordinate basis of the 
tangent space. 


For the computation, keep in mind that 
the Jacobian is from a change of coordi- 
nates between the two euclidean spaces 
Tp-1(u,v)M and T(,4)N, where on 
the first we are using the coordinate 
basis { 2 2 

{ Ox F-1(u,v) * ey | p-1 (u,v) 
and on the second we are using the 


2 \ 
(u,v) 


(u,v)? 2 








coordinate basis { sa 








eu 
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Exercise 3.1.8. Let M be a smooth n-dimensional manifold. Let 
P1,--+,pr be distinct points of M and let v; € T,,M,i = 1,...,k, 
be tangent vectors at those points. Show that there is a vector field X 
on M such that Xp, = vi,i = 1,...,k. 

Hint: bump functions may be handy here. * 


WHILE WE CONTINUE TO EXPLORE the twofold nature of geometric 
objects, it is worth looking back at our original definition of tangent 
vectors. In one of our first encounters with tangent spaces, we said 
that a tangent vector v at a point p € M defines a derivative at that 
point by taking the directional derivative of a function at that point. 
A vector field X now provides a tangent vector and, therefore, a 

derivation at every point of the manifold. In this sense, X € X(M) 
induces a linear map on the algebra C'”() of smooth functions on 
M: for feC”(M), 


Xf: MR, 


(Xf)p = Xpf, peM. 


Notation 3.1.9. Let f € C”(M) and let (U, y) be a chart with coor- 
dinates (x). Then, for X = ~2;, we denote X f by 24 and thus the 


Ont’ Oxt 








following notations are for us equivalent: 


s40)= (5) W=7 
Pp 


If M is an open subset of R” and y = idg», then the last equality 











(f) = Di(f 0 ¢7*)(¢(p)). 


P 





shows that the notation is consistent with the usual definition of 
partial derivatives from multivariable analysis. © 


Exercise 3.1.10. If X € X(M) and feC”(M), then XfeC?(M). ¥* 


Exercise 3.1.11. Let X,Y € X(M). Show that X = Y if and only if 
Xf =Yf forevery f¢C”(M). * 


This whole discussion allows us to extend the notion of derivation 
at a point to a derivation on the whole space. 


Definition 3.1.12. Let 17 be a smooth manifold and @ # W c Man 
open set. A derivation on C”(W) is a linear map 





xX :C%(W) > C”(W) 
satisfying Leibniz rule: 
X (fg) = fX(g) + 9X (f). 


% 


Any vector field X € X(W) defines a derivation ¥ via V(f) = Xf. 
In fact the opposite is also true: 


Proposition 3.1.13. Let M be a smooth manifold and @ AW < Man 
open set. The set of derivation on W and X(W) are isomorphic as C”(W)- 
modules. 


Clearly all of the definitions above 
hold if instead of M we consider open 
subsets U c M. 


Beware of the ordering: fX € X(M) 
but Xf ¢ C”(M)! 


Don’t confuse this with the derivations 
at a point, which produce real numbers. 
In this case we map functions to 
functions. 


Proof. Suppose * is a derivation on C'°(W) and fix p « W. Then Y 
defines a derivation on C%(W) at p, which we casually denote by Xp, 
via the formula 


Xp(f) = e(f)(p), Vf eC?(W). 


We can then think of X asamapW — TW via X ~ X,. Since 
X(f) = X(f) by construction, it is a smooth function for all f € 
C™(W) and therefore is smooth as vector field, concluding the proof. 














Therefore, from now on, we will also interchange derivations of 
C™ and vector fields, and call them with capital latin letters. 


3.2 Lie brackets 


ONCE YOU HAVE A MODULE, it is worth checking if you can get an 
algebra. Indeed, that is going to be our next objective. To this end, 
we look for a bilinear map X(W) x X(W) > X(W). 

The most natural choice is to just compose the vector fields, that is, 
apply the derivatives one after the other: 


XY := XoY:C”(W) 3 C®(W),  (XY)(f) = X(Y(f)). 


If this satisfies the product rule, we are done. Let f,g ¢ C”(W), we 
have 


(XY)(f9) = X(FY (9) + 9¥ (f)) 
= (F(XY)(g) + (XY )(P)) + AAV (G) + X()Y(P))- 


Unfortunately for us, this is not a derivation. However, we do not 
seem to be so far off. If we carefully look at the “error”, i.e. the term 
(X(f)Y(g) + X(g)Y (f)), we can observe that it is symmetric with 
respect to X and Y. One way to let it cancel out, is to consider the 
commutator of the two vector fields: 


[X,Y] := XY -YX. 
Indeed, [X, Y] is a derivation. 


Definition 3.2.1. Let X,Y ¢ X(W). We call Lie bracket of X and Y 
the derivation given by their commutator [X,Y] := XY —YX. 0) 


Remark 3.2.2. Note that the Lie brackets are not uniquely determined 
by X, and Y,: the smooth functions X(f) and Y(f) depend on the 
values of X and Y ina neighbourhood of p. 0) 


Exercise 3.2.3. Show that the Lie bracket |, | of vector fields satisfies 
the following properties. Let X,Y, Z € X(M): 


(i) (antisymmetry) [X,Y] = —[Y, X]; 


(ii) (bilinearity) [aX + BY, Z] = a[X, Z] + BY, Z] and [X,aY + 
BZ| = al|X,Y]4+ BX, Z], for all a, 8 € R; 
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Challenge: count how many times we 
are using the isomorphism between 
derivations at points and tangent 
vectors in this proof. 


Do not confound Lie with lie. Here 

Lie is the surname of Sophus Lie, an 
important Norwegian mathematician 
that lived in the second half of the 19th 
century. 
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(iii) (Jacobi identity) LX, [Y, Z]] + [Y,[Z, X]] + [Z, [X, Y]] = 0. 


* 
Proposition 3.2.4. Forall X,Y € X(M) and forall f,geC”%(M), 
[fX,9¥] = folX,Y] + f(XG)Y — g(¥f)X. 
Exercise 3.2.5. Prove the proposition. * 


We will see many applications of the Lie brackets throughout the 
rest of the course, but before doing anything, let’s find an effective 
way to compute it. 
Proposition 3.2.6. Let (U,p) be a chart on M with local coordinates (x) 
and let X,Y € X(U). If X = X'32, andY = Y*& are the coordinate 
expressions for X and Y, then* 4 Recall Notation 3.1.9! 
OXI ) 0 


ae (x Ox* a Ox* } Oxi” 





Exercise 3.2.7. Prove the proposition. we 


Example 3.2.8. Take the following vector fields on X(IR”): 
0 0 0 
X= ly - y= Y := 3y—. 
ae rae 3u5, 


Then, the previous proposition implies 


000 000 
"30 dx Voy dx 
ce oe 0 3y 0 
eae Bes oy aby oy 
0 (a+ 1)y 0 Oy oe 
oy oa Oy oy 





[X,Y] = («+1) 








3y 


0 0 0 


= —3(a + 1ya 


Theorem 3.2.9. Let F : M — N bea diffeomorphism between smooth 
manifolds with or without boundary and let X,Y € X(M). Then, for all 
fecr(N), 


(F,X)f)oF =X(foF), and F,[X,Y]=[F.X, FxY]. 


Proof. By definition, for f ¢ C°(N), X € X(M) and any pe M 


X(f 0 F)(p) = Xp(f o F) 
= dF, (Xp) f = (FaX) ep f 
= (FX) f)(F(p)) = (Fe X)f) 0 F(p). 
Which proves the first equation. Therefore, 


XY(foF)=X(HY)f oF) = (FeX)(FiY)f) 0 F, 
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and similarly for YX. Finally, by definition we have 


(Fe[X,Y]f) 0 F =[X,Y](fo F) 
= XY(foF)—YX(foF) 
= ((FaX)(FaY)f) oF — (FeV) Fa X)f) 0 F 














completing the proof. 


Definition 3.2.10. A Lie algebra (over R) is a real vector space g, 
endowed with a bilinear antisymmetric map 


gxg—g, (v,w) [v, wu], 


called Lie bracket, which in addition satisfies the Jacobi identity°. 5 Thus a Lie algebra is a non-associative 
The dimension of the Lie algebra is the dimension of g as a vector algenre: 
space. 

If g is a Lie algebra, then a linear subspace § ¢ g is called a Lie 


subalgebra if [v, w] € 6 for all v, w € b. » 


Example 3.2.11. Exercise 3.2.3 shows that the space X(M/) of vector 
fields on a manifold M is a Lie algebra. Since X(M) isa C®(M)- 
module and C'(M) is an infinite-dimensional vector space, it de- 
fines an infinite dimensional Lie algebra. 

This may seem an alien concept at first, however there are many 
simple examples of Lie algebras. To name a few: 


1. R® with the cross product [x,y] := x x yis a 3-dimensional Lie 
algebra; 


2. the set Mat(n, R) of n x n-matrices with the matrix commutator 
[A,B] = AB — BA isa n?-dimensional Lie algebra, usually 
denoted gl(n,R); 


3. any vector space V turns into an (abelian) Lie algebra by defining 
[v, w] = 0; 


4. if V is a vector space, the vector space of all linear maps from V 
to itself becomes a Lie algebra, denoted gl(V), with the brackets 
defined by [A,B] = Ao B— Bo A. Note that with the usual 
identification of n x n matrices with linear maps from k” to itself, 
gl(R”) coincides with gl(n, R). 


Definition 3.2.12. Let g and 5 be two Lie algebras. A Lie algebra 
homomorphism is a linear map T : g — 6 which preserves the Lie 





brackets, i.e. 
(Tv, Tw], =Tlv,wlg, Vu,weg. 


A Lie algebra isomorphism is a bijective Lie algebra homomor- 





phism whose inverse is also a Lie algebra homomorphism. © 


In Theorem 3.2.9 we have thus shown that the pushforward is a 
Lie algebra isomorphism! 
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3.3. Flows and integral curves 


Once again, a comparison with the euclidean world can open the 
door to a whole new world. Vector fields on euclidean spaces give 
rise to ordinary differential equations (ODEs) and to each vector 
field we can associate a flow, that is, the curve that solve the ODE. 

The classical theorems of existence and uniqueness of solutions 
of ODEs, then, give us the necessary conditions to ensure that such 
flow exists locally or globally and it is well-defined. For a rather 
detailed account you can refer to [Kna18, Chapters 3.2 and 3.3 | 
(which you can freely access on SpringerLink via the university 
proxy). 

In fact, if X : U C R” — R” is a vector field on an open subset U of 
R”, and 


u(t) = X(u(t)) (3-3) 


is the corresponding ODE, then we have the following implications 
of the euclidean theorems on existence and uniqueness of solutions: 


(i) if X is continuous, then for each x € U there exists « > Oanda 
differentiable curve u = uz : (—e,€) > U with u,(0) = x that 
solves (3.3); 


(ii) (Picard-Lindeléf theorem) if X is locally Lipschitz continuous, 
then the solution uz is unique; 


(iii) if X € C?(U,R”), then the solution map ¢ : (t,2) > (t,x) := 
Uz (t) is p-times continuously differentiable as a function of 
the initial data, i.e. yp(x,-) € C?(U) for all t in the existence 
domain. 


As we are getting used to, the whole theory can be extended to 
manifolds in a quite direct but perhaps surprising fashion. 


Definition 3.3.1. Let M be a manifold and let X € X(M). A smooth 
curve 7: (a,b) < R- M is an integral curve of X if 


V(t)= Xa) Vt € (a,b). (3-4) 


Conventionally, we assume that 0 € (a, b). In this case, if y(0) = p, we 
say that ¥ is an integral curve through p. % 


Exercise 3.3.2. Let (a, y) be standard coordinates on R? and let 

X = £. be the first coordinate vector field. Show that the inte- 

gral curves of X are the straight lines parallel to the x-axis, with 
parametrizations of the form 7(t) = (t + a, 8) for some constants 

a, BER. * 


Example 3.3.3. Let (x,y) be standard coordinates on R? and Z = 
ne — yX& on R?. If y: R > R? is a smooth curve, written in standard 
coordinates® as 7(t) = (2(t), y(t)), then we have 


This shows that there is a unique 
integral curve of X starting at each 
point of the plane and that the images 
of any two integral curves are either 
identical or disjoint. 


®In other words, x(t) and y(t) are the 
components of the function 7 : R > R? 
seen as functions R — R, that is, 

Y(t) = (wo y(t), yo Y(t) =: (#4), w(t) 


V(t) = ay (<l.) 











= dell) 2) auld 0 
dt éxlyt) dt Oyl\y(t) 
0 0 
=o G | ! 
a ae : aie 
while 
0 0 
Z. = #))=— = #)\ == 
wo =or)z| . -vorta| 
0 0 
=z(t)—| —y(t)—| . 
a Yale ul les 
Therefore, the condition (3.4) for Z and 7, ie., y/(t) = Z, 4), trans- 
lates into 
0 0 0 0 
a(t + y'(t = x(t)— —y(t)—|. 
( axle) | 9 aki ( ae ut ae +(t) 


Comparing the components of the two vectors, we see that this is 
equivalent to the system of ODEs 


whose general solution is given by 
x(t) = acos(t) — Bsin(t), y(t) =asin(t) + Bcos(t), a,BeER. 


Thus each curve of the form 7(t) = (acos(t) — Ssin(t), asin(t) + 
Bcos(t)) is an integral curve of Z. Whena = 6 = 0, this is the 
constant curve y(t) = (0,0), otherwise, 7 moves counter-clockwise 
describing a circle. .) 


Notation 3.3.4. If M is a manifold and (a,b) < R, also (a,b) x M is 
a manifold. Conventionally, for p « M we will denote i, : (a,b) > 
(a,b) x M the map i,(t) := (t,p). All the following notations will 
denote the tangent vector in T(;,»)((a,) x M) obtained from £|, € 


TR: 
are Ci. ee 
Stl) = Mere (a.) = Finlt) = i (0. 


In what follows we may chose any of the above notations depending 
of what we will find more convenient depending on the task at 
hand. y) 


Exercise 2.4.8 implies that in the euclidean case our definition (in 
terms of equality of tangent vectors on T,(,)(/)) coincides with the 
euclidean flow (defined in terms of equality of real numbers). Alter- 
natively, one can pick a coordinate chart and use the pushforward to 
locally compare the definitions. 

Indeed, if (U, y) is a chart with coordinates? (x’), let y(t) = 
(71(t),...,7"(#)) in these coordinates. Then, condition (3.4) above 
can be written as 


0 0 


s(t) —— = X*(y(t i=1,... 
FOsa y= OO Zag? PS bom 
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Since 7(0) = (a, b), also in this case, 
there is a unique integral curve starting 
at each point (a, 3) € R?,and the 
images of any two integral curves are 
either identical or disjoint. 


7 We will soon stop being so verbose 
and just write “in local coordinates (on 
U)” without specifying their names 
unless strictly necessary! 
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where we use the dot to denote the derivative in ¢ for readability. 
These equations can be further rewritten as the system of ordinary 
differential equations of the same form as (3.3) 


V(t) = XY), 1) 


yt) = XP"), ---. 7") 


to which we can apply euclidean theorems of existence and unique- 
ness! Note also the terminology here, an “integral curve” for X is 
the curve you obtain “integrating” the system of ODE associated to 
Xx, 

This immediately implies the following theorem. 


Theorem 3.3.5 (Existence, uniqueness and differentiability of local 
solutions). Let M be a smooth manifold and X € X(M). For every 

pé M := M\OM, there exists « > 0, an open neighbourhood U < M of p 
and a unique map  : (—e,€) x U > M, (t,p) & v(t, p), such that 


(i) for every p € U, the curve y, : (—€,€) > M,t + ¢,(t) := v(t,p) 
is an integral curve of X through p, that is, py, = X ° ~p and 
Yp(0) = p; 


(ii) for every t € (—e,€), the map yp, : U > M, p+ ¢i(p) := v(t, p), is 
a diffeomorphism from U onto an open subset of M. 


Remark 3.3.6. In some text, instead of p), = X © Yp, you read 


0 
P(t.) (l...5) = Xo ylt,p). 


This should not scare you since by definition 


a 
UP (t,p) (= 





an) = 2 O = HO. 


We call the map y a local flow of X. If a local flow is defined on 
Ik x M, we call it a global flow and the associated vector field is called 
a complete vector field. 
Example 3.3.7. Let M = R” and L € X(M) defined by L(p',...,p") = 
(p',...,p”",1,0,0,...,0). Then y” is a global flow, explicitly given as 





GE, p) S(O FED wes"), 
Linear motions along a coordinate, like vy", are sometimes called 
linear drifts. % 


Every smooth vector field has a local flow about any point, but 
not necessarily a global flow. 


Example 3.3.8 (A global flow may not exist). Let M = R* and X = 
a7 £. Then, the unique integral curve of X starting a (1, 0) is 


vio = (0). 
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Since i, © y(t) is unbounded as t — 1, this curve cannot be extended 
pastft= 1. 

A somewhat simpler example is given by the vertical lines on H? 
(so a manifold with boundary). These are integral curves of 3° 
which cannot extend further than the boundary {x? = 0}. ©) 

Theorem 3.3.5, in particular, implies that if y,d : (a,b) — M are 
integral curves of X with y(t) = 6(t) for some t € (a,b), then y = 6. 

This justifies the following definition. 


Definition 3.3.9. Let / be asmooth manifold and X € ¥(M). For 
a given p € M,we denote I, = (t~(p),t*(p)) < R,0 € J, the 
maximal interval on which the unique integral curve 7, : I, > M of 
X through p is defined. We call such curve 7, the maximal integral 





curve of X through p. % 





Remark 3.3.10. It follows from the definition of maximality that for 
any p € M one has 


Note that I, is typically larger than the domain of definition 
(—e, €) of yp. By construction y, never leaves the coordinate set U 
over which it was defined, on the other hand 7, can in general wan- 
der all over the manifold (even though 7, = y, for values of t small 





enough)! 

Again, theorems about existence and uniqueness of euclidean 
maximal flows imply that we can extend yy, uniquely to a maximal 
flow. 


Theorem 3.3.11 (Existence and uniqueness of maximal solutions). 
Let M be a smooth manifold and X € X(M). There exists a unique open set 
DCR x Manda unique smooth map y : D > M such that 


(i) forall p€ M one has Dn (R x {p}) = Ip x {p}; 


(ii) p(t,p) = p(6) forall (t,p) € D. 


We call y the flow of X. When we want to emphasize the vector 





field _X, we will write y~. 


Proof. Both D and y are uniquely identified respectively by (i) and 
(ii), so to prove the theorem one only needs to show that D is open 
and that y is smooth. This is done by applying the euclidean theo- 
rems to extend the local flow, finally showing that for all p « M and 
t € I,, D contains a neighbourhood of (t, p) on which ¢y is smooth. 

We are going to omit the details of the proof, the interested reader 
can refer to [Lee13, Proposition 9.12]. The statements may seem 
different at a first glance, but a careful look will reveal that he is just 
taking a slightly different perspective. 

Indeed, if we reverse the roles of ¢ and x, we can define for any 
given t € M the set 


M,:={peM | (t,p)eD}. 
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Then Theorem 3.3.11 is equivalent to say that M; is open in M, M = 
Urs0M;, and there is a well-defined smooth map y;, : M; > M_; 
given by 

ye(p) = y(t,p), pe M. (3-5) 


Which is exactly the claim in [Lee13, Proposition 9.12]. 














Remark 3.3.12. The point of view taken to define (3.5) brings to the 
table a very important fact: y;, : M,; —- M_,; is asmooth map with 
smooth inverse (y;)~! := y_4: M_4 > M,. 
That is, y; is a diffeomorphism, yo = idjy and, more generally, 
if s,t € R then the domain P of y, © y is contained? in M44 and 
Ps Pe = Pst in P. 0 
For a complete vector field X,D = R x M. 


Exercise 3.3.13. Let M = {x € R? | ||| < 1}. Explicitly find a vector 
field Z € ¥(M), the associated maximal flow ¢* :D — M and its 
domain D, so that 


1. Z is complete; 


2. Z is not complete. 


3.4. Infinitesimal generators 


Definition 3.4.1. We denote Diff(J/) the set of diffeomorphisms? 
p:MoM. 

Note that Diff(/) is a group under composition, where the iden- 
tity element is just the identity map. % 


Definition 3.4.2. A one-parameter group of diffeomorphisms’? is a 
smooth left R-action on M, that is,a smooth map y : Rx M —> M 
such that for all s,t€ Randall pe M: 





y(0,p) =p, 
y(t, p(s,p)) = lt + s,p). 


In other words, a one-parameter group of diffeomorphism is an- 
other name for global flow and the two properties above are exactly 
the group laws. And, indeed, we usually denote the map t — yi(t,-) 
by . 

If {y;} is a one-parameter group of diffeomorphisms, then we 
define its infinitesimal generator as the (complete) vector field™ 


0 
Xp — dp (0,p) (Flow) : (3.6) 


Hence, the flow of X is simply the one-parameter group y;. 





Always keep in mind that (3.6) is just a “scary” way to write 
Xp := ;,(0) where the role of the differential and the nature of the 
vector field are more explicit. © 


8 Equality holds if st > 0, that is, if they 
have the same sign. 


9 Also called automorphisms to stress 
that domain and codomain coincide. 


7° If you stumble upon a one-parameter 
group action, don’t be scared: it is the 
same exact thing where y is required to 
be continuous instead of smooth. 








* Or, more compactly, 
d 
Xp = dt |,-o¥t (Pp). 


Exercise 3.4.3. Show that the following are one-parameter groups of 
diffeomorphisms and compute their infinitesimal generators. 


1. @: ROR, O(2) =2+t; 


* 
The definition above contains the proof of the following fact. 
Proposition 3.4.4. Let M bea smooth manifold. There is a bijective 
correspondence between one-parameter groups of diffeomorphisms (i.e. 
global flows) and complete vector fields. 
Notation 3.4.5. Since by construction 
d 
ae?) = X(¥:(p)), ~o(p) =P, Vpe M, 
it is often convenient to use the exponential notation 
eX = yx teR, 
to denote the flow of a vector field X. .) 


Exercise 3.4.6. Show that the exponential defined above satisfies the 
following properties 


Ox _; tX\)-1 _ ,-txX 
€ = idy,, (e ) =e ’ 
etx 0 eos = elie) x 
d 


qe P)=X(e*(v)), Yee M. 
Moreover, if X(x) = Az is a linear vector field on R”,ie., Aisa 
n x n-matrix, then the corresponding flow y; is the matrix exponen- 
tial y, (x) = et42. * 
There are a few cases in which we can guarantee completeness, 
let’s have a brief look. 


Lemma 3.4.7. Let X € (I) and assume that there exists « > 0 such that 
(—e,€) < I, for all p € M. Then X is complete. 


Proof. Assume that this is not the case, then there is some p « M 
such that either t* (p) < 0 or t_(p) > —o. Say that tt (p) < 2 (the 
other case is nearly identical). 

Choose to such that tt (p) — to < eand set pp = p(to). By 
assumption, 7), (t) is defined for all t € (—e, €). Consider the curve 


p(t), te In, 


y(t) = 
Ypo(t—to), |t—to| <e. 


The two definitions coincide on the overlap as 


Ypo(t — to) = Yr-to (Po) = Pt-to © Yto(P) = Ye(P) = Y(t), 





Figure 3.1: One can think of a flow as a 
sequence of many infinitesimal straight 
motions determined by the value of the 
vector field, that is where “infinitesimal 
generator” comes from. We will soon 
make this rigorous. 
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but 7 is an integral curve for X through p which is defined on 
(t~(p), to + €). Since to + € > t*(p), this contradict the maximal- 
ity of Ip. 














Corollary 3.4.8. Let X € X(M) bea vector field with compact support. 
The X is complete. 


Sketch of the proof. Use the compactness to pick a finite covering of 
the support, define the local flow on the covering and then pick the 











smallest € (out of the finitely many). 





Corollary 3.4.9. If M is compact’, then every vector field has compact » A compact manifold without bound- 


support. So, every vector field on M is complete. ary Iecalled closedmanifold, 


In the same fashion as Lemma 3.4.7, one can characterize non- 
complete vector fields. 


Lemma 3.4.10. Let K < M compact and p € K. If t*(p) < ©, then 
there exists 0 < rt < t*(p) such that y,(t) ¢ K for allt € (7,t*(p)). An 
analogous statement holds if t~ (p) > —oo. 


Exercise 3.4.11. Prove Lemma 3.4.10. * 


In other words, a maximal integral curve cannot “end” inside a 
compact set that doesn’t contain boundary points. Thus, if a solution 
does not exist for all times, then it must either run to infinity in finite 
time’? or hit the boundary of M. 13 Recall Example 3.3.8 


3.5 Normal forms 


A natural question, at this point, is what happens when we map 
integral curves to different manifolds via diffeomorphisms, after all 
it looks like the mapping to euclidean spaces via the charts behaves 
quite nicely. 


Proposition 3.5.1. Let F : M — N bea diffeomorphism between smooth 

manifolds, X € X(M) a vector field and y : I > M an integral curve of X. 

Then Foy: I — N isan integral curve of FX. Sometimes to understand what one is 
doing, it may be convenient to rewrite 
things in different forms, for example I 
find the following quite clarificatory 


If X is complete, we then have 


xX Fy xX 
Foyt =y,*° oF. na : : 
gy =FoppoF™, (3-7) 


Proof. We only need to show that the two curves satisfy the same 
ODE. 


d(Foy)t= dF yx) ody 
= dF’y (4) O° (Xx ° Ve 


= dF yy 0 X 0 F-loFo7(t) 
—_ 


= (FX) 0 (Fo 7)(t) 
= (FX) roy(t)- 














Remark 3.5.2. One particularly interesting consequence of Proposi- 
tion 3.5.1 in conjunction with the exponential notation is the follow- 


ing: 
d 


= ale oe” oe, (8) 


s=0 





OP (se) 





where we are using the definition of integral flow in the first equality 
and (3.7) in the second. This turns out to be rather useful for proofs 
and computations. > 


Exercise 3.5.3. Use Theorem 3.2.9 to show that the Lie bracket is the 
infinitesimal version of the pushforward of the second vector field 
along the flow of the first one, that is, 


0 


X,Y], = S],_(ee Ya (3.9) 


Hint: the identity (FX) f = X(foF)oF7| and a Taylor expansion can help. + 


Remark 3.5.4. Equation (3.9) and (3.8) imply that 


0? = 
XYle = sail, a! 


With this we can show that the Lie bracket of two vector fields is 
zero (i.e., they commute as operator on functions) if and only if their 
flows commute, that is y* o y¥ = yY o y* for allt,se R. 


Proposition 3.5.5. Let M be a smooth manifold and X,Y € X(M). Then 
[X, Y] = 0 if and only if their flows commute. 


Proof. First we show that [X,Y] = 0 implies that 
e, *“Y=Y VteR. (Sa) 
To this end, we are going to use (3.9) to show that 0 = [X,Y] = 


f| e,'*Y implies that Se,'*Y = 0 forallt € R (ie, itisa 
é 


a 
et t= 


constant map). Indeed, for any t, 





0 = 0 —(t+e)X 0 — —eE 
nee Y = 5-|_ om ) Y=5|_ cx %en xy 
0 
=U = oo a (x So 
E€le=0 





(==>) Fix t € R. We are going to show that y, := e~'* 0 e8Y 0 eX 


is the flow of Y, i.e. y, = e*”. We can use the previous trick, (3.11) 
and (3.8) to get, for any s € R, 








0 0 
—»y,=— etx 6 elsteY 5 etx 
Os 0€ le=0 

A 

CO 

a Xo UY 4 piX gg i® age’ oot 
0€ le=0 [SS 
Ps 
egy 


Seo Bia, = Y ogg. 


That is, e~** 0 e8Y 0 e'* = e’Y which is equivalent to the claim. 
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(<=) Let f e C®(M), by (3.10) we have 


e2 
IX Va = 5555 ese” oe ey) 
e? y 
= ——— a = 0. 
Osot a_i 














Exercise 3.5.6. Let Mf be a smooth manifolds and X,Y € X(M). 
Define (ad X)Y := [X,Y]. Use the semigroup property’4 
Say =e 7); 


to deduce the following formal series expansion: 


© an 
ey =). : (ad X\"Y 
n=0 
a e 


WE CAN FINALLY JUSTIFY Our comment in Figure 3.1: the following 
theorem shows that every flow y* admits local coordinates on its 
support which map it into a linear flow. 


Definition 3.5.7. Let 17 be a smooth manifold and X € ¥(M). The 
support of X is defined as 





supp(X):= {pe M | X,#0ET,M} cM. 


Points p € supp(X) are called regular points of X. The points 

p € M\supp(X),ie. such that X, = 0, are the fixed points (or 
equilibrium points) of X: for such points the unique integral curve 
through pis y(t) = p for allt e R. .) 








Theorem 3.5.8 (Normal form of a flow away from the fixed points). 
Let M be a smooth manifold, X « X(M) and p € supp(X) c M. Then, 
there exists a chart (U, p) with p € U such that 


Pax = L, 


where L is the linear drift defined in Example 3.3.7. Thus, locally, 


1 


eo, =e og, ow. 


Proof. Choose” a coordinate patch (U1, 7) centred at p (so 7(p) = 0) 
such that 7),,X (0) = (1,0,0,...,0). By continuity of w,.X € X(~(U1)), 
we can always restrict to a smaller neighbourhood V2 < w(U;) on 
which (w4X)1(q) > § for all q € V2. 

Our objective is to interpolate w,.X on V c V2 and L on VF to 
obtain a new vector field L on all of R” which is diffeomorphic to i 
If Q : R” — R” is such diffeomorphism, i.e. Ost, = L,then gy = Qo w 
is the chart we are looking for: indeed, on U = 7~'(V) we have 
eX =QMntyX =D = L. 


4 We have shown it at the beginning of 
the previous proof! 


* This can always be done via a 
parametrisation of the hyperplane 
transversal to X by (x?,...,2") = 
(0,...,0), where the (x*) denote the 
local coordinates. Cf. Example 3.5.9. 


INTERPOLATED VECTOR FIELD L. Let V < V2 be an open set around 
0. Pick a cutoff function y € C®”(R”) such that x(x) = 1 fora € U 
and x(x) = Ofora € US. Then the interpolating vector field is 
immediately obtained as 


L=yv,.X + (1—x)Le X(R"). 


Clearly its flow ol is global as R” has no boundary and the reg- 
ularity of the functions involved implies that no integral curve can 
escape to infinity in finite time. 


DIFFEOMORPHISM 2. We will now show that 


= jj L L 
Q= lim y=, 
exists and defines a diffeomorphism such that 2, = L. Since by 
construction (yf(q))' > q' + 4, every integral curve leaves V2 after 
a finite time. So, on compact sets AK C R”, there is a finite time tp (I) 
after which the limit is attained (can you explain why?): 


lim p80 gf | = eh Ph: 
Thus, 2 is a well-defined diffeomorphism. Moreover, 
Qo yb = lim gt, pf 0 yf 
= dim yg. 2 ey 


— | L Ld 
a lim Pr—r ° Ys 7 Q, 
TO 


= lim gf ot, og og! = yf of, 
TO 
and therefore the flows are diffeomorphic. In particular, we also 
have yy = 271 o G,,,). Differentiating this last equation we get 


(L 2 ey = dps 


= -1 L 
= dQ © dea) 


Q(x) 


= dN: 


Q(x) 


0 (Lo gaa), 











which, at t = 0, gives L=40"*siaQ= On 8. 





Example 3.5.9. Let Z = ae - ye on R? be the vector field from 
Example 3.3.3, where we already computed its flow. 

The point (1,0) € R* is aregular point of Z, since Z(1.9) = 
a 4g # 0. Since Z has a nonzero y coordinate, we can consider 
the as the transversal “hypersurface”, a line in this case, the - 
axis, parametrised by H(s) = (s,0). We can then define the map 
W(t, s) = y o H(s) : R? > R? where y; is the flow of Z, it turns out 
that then the coordinate map would just be the inverse of W. 

In this case: W(t, s) = y:(s,0) = (scost, ssint). Solving locally for 
(t, s) as functions of x and y we get, in a neighbourhood of (1, 0): 


(t,s) = W"(2,y) = (arctan(y/:., af x? + v) : 
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(42, 89 
> 
_————— 
oe ———_ 
~-L> 
(OS Po ae _—<————? 
—_ > 448 Ss CO ses — 
——>|- s, -? -\—— 
P ef 
pare ; / ,---|—p— 
2 ————— 
SP ee a (eae! ) 
—— ie Caps = 
—> a ee 
as 
a 
wm 
L = X eX 


It is interesting to compare 2 with the 


so called Meller transformations in 


scattering theory (cf. [Kna18, Chapter 


12.2]). 
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In this new coordinates, which are just polar coordinates labelled 
a 


with different symbols, you can directly check that Z = £ as 
claimed. % 


Remark 3.5.10 (Linearisation of a vector field at a fixed point). Away 
from the fixed points, the previous theorem tells us that the flow is 
locally linear. Near a fixed point we can describe the flow in terms of 
the linearisation of the associated vector field. 

If X € X(M) and po € M with X,, = 0. Ona chart » centred at po 
with local coordinates (x*), let X = y,X. Then we have 


X, = Xo +dXox + O(|a|?) = dXor + O(|z|/?). 
ed 
=0 


Close to « = 0 we can thus approximate X, by its linearisation dXo-. 
Qualitatively, the behaviour close to the fixed point is determined 
by the eigenvalues’® of dX ox and their geometric multiplicities *© Note that thanks to the compatibility 


conditions, the linearisations of X at 


. 13, Figure 9.8]). This is the sam hav nin th 
(cf [Lee 3, Mpure 9 8]) iad dc vem i me different charts are similar matrices, 


euclidean case [Kna18, Chapter 5.3]. 0 and thus the spectrum of dXoz is 
. ff — Plas . 2 independent of the choice of local 
Exercise 3.5.11. Let M = R* with coordinates (g,p) € R* and H € ceaicinaiae: 


C®(R*). Discuss the possible local behaviour near the fixed-points of 
the following types of vector fields by considering their linearisation: 


£ H(q,p) 


op 


a 
e gradient flows XcG(q, p) := (3 war 


F 
—$,1(@P) 


Sketch in all cases the vector field and the local flow. aXe 


2H 
e hamiltonian flows X4(q,p) := ( op (q,P) ) 


For simplicity in the rest of the course we will discuss only 
global flows. But keep in mind that all results hold also for 


local flows as long as one restricts the domains appropriately. 





4 
Lie groups and Lie algebras 


In the previous chapter we have briefly touched upon the notion of 
Lie algebras. A strictly related notion, we will see in which sense, 
is the notion of Lie group. There are mathematical objects that are 
pervasive in mathematics, even outside the realm of differential 
geometry, and in physics, where they play an important role in clas- 
sical mechanics’, and in high-energy physics?. 

The theory of Lie groups and Lie algebras is vast, and in these 
lectures we will just briefly scratch the surface. 


4.1 Lie groups 


Definition 4.1.1. A Lie group G is a smooth manifold (without 


boundary) that is also an algebraic group, with the property that the 
multiplication map up: G x G— G, w: (g,h) > gh, and the inversion 
mapl:G—>G,.: g++ g7' are smooth. ©) 


Example 4.1.2. 1. R” isa Lie group under addition. 
2. R”\{0} is a Lie group under multiplication. 


3. A manifold can be equipped with different Lie group structures. 
For example, the following map 


w(az,y) =(a+y',a+y, 2 +y+aly’) 


induces? an alternative structure of Lie group on R” called 
Heisenberg group. 





4. The set G'L(n) of invertible n x n matrices is a Lie group under 
matrix multiplication. Indeed, it is a manifold of dimension n?, 
the product is smooth since each matrix entry is given a polyno- 
mial and the inversion is smooth thanks to Cramer’s rule [Lee13, 
Proposition B.36]. 


5. The n-torus T” = R"/Z” is an abelian Lie group with the group 
structure induced by addition on k”. 


6. Given Lie groups (G1,...,Gx), their direct product is the product 
manifold G; x --- x G; with the group structure given by 


(1, wis 9k) (A1, a ., hg) => (gihi, bse -Gkhk) 


* You may have heard of the celebrated 
Noether’s theorem, which states 

that every smooth symmetry has a 
corresponding conservation law 


? Does gauge theory ring any bell? 


3 To see that this defines a group 
structure, identify R® with upper 
triangular 3 x 3 matrices via 


1 2 23 
v=(a,07,22)56/0 1 2? 
0 0 1 


and observe that m becomes the 
standard matrix multiplication. 
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is a Lie group (why?). 


7. Notall smooth manifolds can be equipped with a Lie group 
structure: for example, S” admits a Lie group structure only for 
n =0,1,3. 


Definition 4.1.3. A Lie group homomorphism F : G > Hisa 





smooth map which is also a group homomorphism. It is called Lie 
group isomorphism if it is also a diffeomorphism, which implies that 





it has an inverse that is also a Lie group homomorphism. In this case 
we call G and H isomorphic Lie groups. 0) 


Example 4.1.4. It turns out that you know plenty of examples of Lie 
group homomorphisms. 


1. The map exp : R > R is a Lie group homomorphism. The image 
of exp is the open subgroup R, and exp : R — R, isa Lie group 
isomorphism with inverse log : Ry — R. 


2. Themape : R — S! defined by e(t) = ce?" is a Lie group 
homomorphism whose kernel is Z. Similarly, the map €” : R” — 
T” defined by €"(x!,...,2") = (e2"',..., 2") is a Lie group 


homomorphism whose kernel is Z”. 


3. The determinant function det : GL(n) — R\{0} is smooth since 
det is a polynomial in the entries of the matrix and it is a Lie 
group homomorphism since det(AB) = det(A) det(B). 


% 
Definition 4.1.5. If Gis a Lie group, for any element g € G, we 
denote by L, : G > G the left translation and by Ry : G > G the 
right translation, respectively defined 
L,(h) =gh and R,(h) =hg. 
% 


The fact that translations are diffeo- 

These are both diffeomorphisms, since they can be described by a morphisms of the groups onto itself is 
crucial, it implies that the group looks 
the same around any point. Indeed, 
they are homogeneous spaces. To study 
Go-GxGoG. the local structure of a Lie group, as we 
he (g,h) > gh will see soon, it is enough to examine a 

neighbourhood of the identity element. 


composition of smooth maps. For instance, 





Moreover, L,-1 is the inverse of L,. Similarly for Ry. 


Remark 4.1.6. For convenience, we will only consider left translations. 
There is nothing wrong with right translations and, in fact, you can 
reformulate all the results that follow in terms of them. 0) 


The next theorem is important for understanding many of the 
properties of Lie group homomorphisms. 


Theorem 4.1.7. Every Lie group homomorphism has constant rank. 
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Proof. Let F : G — H bea Lie group homomorphism and let e 
denote the identity element of G. 

Fix g € G. We will show that F' has the same rank at g as its rank 
at e. Since F is a homomorphism, for all h €¢ G we have 


F(L,(h)) = F(gh) = F(g)F(h) = Leg) (F(A)), 
that is, 
Folg = Lrg) oF. 
Differentiating both sides at e and using the chain rule, this reads 


dF, 12) d(Lg)e => d(LF(g)) F(e) [e) dF.. 


Since the left translation is a diffeomorphism, both d(L,). and 
d(Lr(g)) F(e) are isomorphisms, and as such they preserve the rank. 
From this, it follows that dF, and dF. have the same rank. 














The global rank theorem then immediately implies the following 
corollary. 


Corollary 4.1.8. A Lie group homomorphism is a Lie group isomorphism 
if and only if it is bijective. 


Definition 4.1.9. Let G be a Lie group. A Lie subgroup of G is a sub- 
group H < G endowed with a topology and a smooth structure that 
make it at the same time a Lie group and an immersed submanifold 

of G. © 


Example 4.1.10. This means for example that the set GLt (n) of in- 
vertible matrices with positive determinant is a Lie subgroup of 
GL(n). ©) 

It turns out that embedded submanifolds are automatically Lie 
groups. In fact more than that. 


Theorem 4.1.11 (Closed subgroup theorem). Let G be a Lie group and 
suppose H is any subgroup of G. The following are equivalent: 


1. H is aclosed subgroup*; 4 That is, H is a closed subset of G. 
2. H is an embedded submanifold of G; 
3. H is an embedded Lie subgroup of G. 


The proof of this theorem is not hard, but especially proving the 
equivalence of the first two claims is rather involved, so we will skip 
it. For a proof, look at the corresponding section in [Lee13, Chapter 
20 Since the closed subgroups of GL(n) 


Example 4.1.12. Let O(n) < GL(n) denote the set of orthogonal play a special role in Lie groups theory, 
they have their own name: they are the 
called matrix Lie group. 

orem is a Lie subgroup. You have proven this when you solved éThatis. A cudh thabAAT = 


matrices?, then O(n) is closed in GL(n) and by the previous the- 


Exercise 2.8.26. 0) 


Exercise 4.1.13. For this exercise is useful to remember that we can 
identify the space Mat(2, R) of 2 x 2-matrices with R* by associating 


x av 
the matrix X = » a with the point (v1, 12,21, £22) e R4. 


T21 22 
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1. Show that the set 
SL(2) := SL(2,R) = {A € Mat(2,R) | det A = 1} 
is a 3-dimensional smooth submanifold of Mat(2, R). 
2. Let e € Mat(2,R) denote the identity matrix. Show that 
TeSL(2) = {A € Mat(2,R) | tr A = 0}, 


where trA denotes the matrix trace, i.e., the sum of the diagonal 
entries of A. 


3. Letv : SL(2) + SL(2) be the map 1(A) = A™!. Show that v is 
smooth. 


4. Show that di. : T-SL(2) — T-SL(2) is given by di.(A) = —A. 


* 


In fact, some parts of the Exercise 4.1.13 above are instances of a 
them more general statement of Exercise 4.1.14. 


Exercise 4.1.14. Let G' be a Lie group. 
1. Let up : G x G > Gdenote the multiplication map. Use the 


identification T(.,-)(G x G) ~ T.G x T.G to show that dji(e,) : 
T.G x T.G > T.G is given by 


diye, (X,Y) =X +Y. 
Hint: compute dji(e,e)(X,0) and dyire,e) (0, Y) separately. 


2. Lets : G — G denote the inversion map. Show that di. : T.G — 
T.G is given by di.(X) = —X. 


4 


4.2 Lie algebras 


We are finally ready to see how Lie groups and Lie algebras ended 
up being related. 


Definition 4.2.1. Let G be a Lie group. We define the Lie algebra 
of G,, usually denoted g, as the tangent space to G at the identity 
element e: 

g:=T.G. 


% 


Of course, for this definition not to be completely insane, the Lie 
algebra of a Lie group better be a Lie algebra also in the sense of 
Definition 3.2.10. We are going to prove this very soon, but let’s first 
look at some examples. 


Example 4.2.2. 1. The Lie algebra of GL(n) is gl(n) ~ Mat(n, R). 


2. The Lie algebra of O(n) is o(n) = {A € gl(n) | A+ AT = 0}. You 
have shown it in Exercise 2.8.26. 


Sometimes you find Lie(G). 
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3. Can you guess what is the Lie algebra of SL(2) from Exercise 4.1.13? 
0 
Exercise 4.2.3. Show that the Lie algebra of T” is R”. 
Hint: using the fact that T(M x N) ~ T(M) x T(N) and look at what happens 


in the case n = 1. * 


Before proceeding we need to introduce some more notation. 


Definition 4.2.4. Let G be a Lie group. A vector field X € X(G) is 


called left-invariant if That is, if for all g, h € G we have 
(Lg)aX =X VWgeEG. d(Lg)nXn = Xgn- 
; : : Indeed, 
We denote the set of left-invariant vector fields by ¥,(G) < X(G). X =(Ly)eX = dha) 0X0 (Lg) if 
© and only if X o Lg = d(Lg)o X. 


Proposition 4.2.5. Let G bea Lie group and X,Y © X,(G). Then 
[X,Y] € ¥,(G) and, therefore, X1,(G) is a Lie subalgebra of X(G). 
Exercise 4.2.6. Prove the proposition. * 
Remark 4.2.7. The Lie algebra of all smooth left-invariant vector 
fields on a Lie group G, which we denoted X;(G) and is a subalge- 
bra of X(G), is also called the Lie algebra of G. In the next theorem 
we are going to see that this is isomorphic to the one defined above 
in terms of tangent at the identity. > 

A fundamental difference with the Lie algebra of vector fields is 
that 1 (G) is finite dimensional. 
Theorem 4.2.8. Let G be a Lie group. The evaluation map 

eval: ¥7;(G) > T.G, eval(X) = X., 


is a vector space isomorphism. Thus, X_(G) is finite dimensional with the 
same dimension as G. 


Proof. LINEARITY. Immediate (why?). 
InyectTivity. Follows immediately from the left-invariance: if 
eval(X) = X. = Oforsome X € ¥,(G), then the left-invariance 


of X implies that X, = d(L,)-(X-) = 0 for every g € G, thus X = 0. 


SurRjJecTivirTy. Fix an arbitrary v € g = T.G and define the map 


v’ :G —> TG by 

vg) = d(Lq)e(v). 
By construction, v” satisfies the section property®, since d(L,)e : ° If you don’t know what we are talking 
T.G—> T,G. about, have another look at Defini- 


e v” isa vector field: we will show that vu)’ f := v"(g)f is smooth for —_— 
any f €¢ C%(G). To this end, pick a smooth curve y : (—e,€) ~ G 
such that 7(0) = e and 7’(0) = v. Then, for any g € G we have 
ug f =v" (g)f 
= d(Ly)e(u)f 
= v(f o L,) 
(fo L,07)'(0). 
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If we define y : (—6,5) x G > R by y(t, g) = foL,oy(t) = flay), 


the computation above shows that uy i & (0, g). Since y is the 


composition of smooth functions, it is smooth, and thus vu" f is 
smooth. 


e v” is left-invariant. Indeed, for any g, h € G, we have 
d(Lg)n(u"(h)) = d(Ly)n 0 d(Lp)e(v) 
= d(Lq 0 Ln)e(V) 
= d(Lgn)e(v) 
= v" (gh). 


Thus v’ € X1(G). Since eval(v’) = v"(e) = v, the map eval is 











surjective, concluding the proof. 





Corollary 4.2.9. Let G be a Lie group of dimension n. Then its Lie algebra 
is a Lie algebra of dimension n. 


Proof. We just need to define a Lie bracket on g. But this is easier 
done than said: using the notation of the previous theorem, set 


[v, w] := eval([v",w”]), Vu,w eg. 














Another immediate consequence of this proposition is that every 
left-invariant vector field is complete, which immediately makes 
them all parallelizable. 


Proposition 4.2.10. Let G be a Lie group and v € X1,(G). Then v is 
complete. 


Exercise 4.2.11. Prove the proposition. 


Hint: extend a curve starting at e to a curve starting at g. * 


Corollary 4.2.12. Every Lie group admits a smooth global frame of left- 
invariant vector fields, and therefore every Lie group is parallelizable. 


Proof. Every basis for Xz, is a left-invariant smooth global frame for 
G. 














Just as we can view the tangent space as a “linear model” of a 
smooth manifold near a point, the Lie algebra of a Lie group pro- 
vides a “linear model” of the group, which reflects many of the 
properties of the group. Because Lie groups have more structure 
than ordinary smooth manifolds, it should come as no surprise that 
their linear models have more structure than ordinary vector spaces. 
Since a finite dimensional Lie algebra is a purely linear-algebraic 
object, it is in many ways simpler to understand than the group itself. 
Much of the progress in the theory of Lie groups has come from a 
careful analysis of Lie algebras. 


Proposition 4.2.13. If F : G > H isa Lie group homomorphism, then 
there isa map Fy. : g — bh which is a Lie algebra homomorphism. We call 
this map, the induced Lie algebra homomorphism. 
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Proof. Let v € gand let v’ € ¥,(G) denote the unique left-invariant 
vector field satisfying vl = v. Let w := dF.(v) =: F*vand w” e€ 
X1(H) as above. It is enough to show that wy.) = (F*v"), = 
dFyV# for all g € G. 

Indeed, we have 


dF,(vg) = dFy 0 d(Lg)e(v) 
= d(Lr(g)) F(e) o dF.(v) 
= d(Lr(g)) F(e)(w) 
= Wh): 
The result then follows from Theorem 3.2.9. If vi, ve € gand w; = 


F*v;,i = 1,2, then 


dF.[v1, v9] = [wi, Wa]. 














An immediate consequence of this proposition is the following. 


Corollary 4.2.14. Let H < G bea Lie subgroup. Then b is a Lie subalge- 
bra of g. 


Proof. Use the inclusion i : H < Gas the homomorphism, then 











die: 56 =T.H — g = T.G is the Lie algebra homomorphism. 





If we go back to the example of G'L(n), now we have two possibly 
different Lie brackets on gl(n) = Mat(n,R): the one coming from 
the previous corollary and the matrix commutator. The next result, 


which we will not prove, shows that they coincide. See [Lee13, Proposition 8.41] for 
reference. 


Proposition 4.2.15. The Lie bracket on gl\(n) is given by the matrix 
commutator. Therefore, if G' is a matrix Lie group, the Lie bracket on g is 
also the matrix commutator. 


In fact, the correspondence between Lie subgroups and Lie subal- 


gebras goes both ways. See [Lee13, Theorem 8.46] for refer- 
ence. 


Theorem 4.2.16. Let G be a Lie group with Lie algebra g. If h is a Lie 
subalgebra of g, then there is a unique connected Lie subgroup H of G 
whose Lie algebra is h. 


We close this section by stating a deep algebraic result about Lie 
algebras, whose proof is way out of our reach. 


Theorem 4.2.17 (Ado’s theorem). Let gl(V) denote the Lie algebra 

of linear maps from a finite dimensional vector space V to itself. Every 
finite-dimensional real Lie algebra g admits a faithful finite-dimensional 
representation, that is, there exists an injective Lie algebra homomorphism 
F:g—gl(V) ~ gl(n,R) for some finite dimensional vector space V . 


4.3. The exponential map 


We have seen that there is a tight relation between flows and expo- 
nentials, so much so, that we started using formally the exponential 
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notation to denote flows of vector fields. With Lie groups and Lie 
algebras, we will bring the construction to the next level, properly 
formalising the construction. 


Definition 4.3.1. Let G be a Lie group with Lie algebra g. We call 
a one-parameter subgroup of G a Lie group homomorphism Rk — 
G. ) 





Given the introduction, the following theorem should not come as 
a surprise. 


Theorem 4.3.2. Let G be a Lie group. The one-parameter subgroups of 
G are precisely the maximal integral curves of left-invariant vector fields 
starting at the identity. 


Proof. (<=) Suppose that 7 is the maximal integral curve for some 
v € X,(G) starting at the identity e. Proposition 4.2.10 implies 
that 7 is defined on all R. Since L, is a diffeomorphism for all 
g € Gand v is left-invariant, by Proposition 3.5.1 L, maps integral 
curves of v to integral curves of v (why?). If g = 7(s) for some s, 
the curve t > L,:s)(7(t)) is an integral curve starting at (s). By 
the group property of the flow, alsot +> y(t + s) is an integral 
curve starting at y(s), so they must be equal. That is, for all s,t € 
Rk, 

Vs +t) = r(s)y@)- 
Which implies that 7 : R — G is a one-parameter subgroup. 

(— >) Letnowy : R > Gbea one-parameter subgroup and 


v = 7(0) € g. The claim is that 7/(t) = v"(y(t)). Since y(s)y(t) = 
¥(s + t) = L,t)(7(s)) we have 


d 
/ = 


d 
= as a) (y(s)) 


= (dL4(4))4(0) (7 (0)) 
= (dLy(t))e(v) = v" (y(t). 


Again, due to uniqueness of the integral curves, we obtain the 





t+ 
eal s) 





claim. 














If we write @? := gy?” : G > G for the flow of v“, then by 
definition y’ = 0? (e). 

Note that the trick employed in the proof above, can be used also 
to show the following. 


Lemma 4.3.3. For any s,t € Rone has y’(st) = y°"(t), where we used 
the superscript to specify the generator of the subgroup. 


Proposition 4.3.4. Let G be a Lie group with Lie algebra g. Let y: R>G 
be a smooth curve with y(0) = eand y'(0) = v € g. Then the following 
claims are equivalent: 


There is a strict relation between one- 
parameter groups of diffeomorphisms 
and one-parameter subgroups of a 

Lie group. We will not discuss it here, 
just be aware that - in some sense — it 
mimicks what we are exploring here in 
the setting of infinite-dimensional Lie 
groups. 
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(i) 7 is a one-parameter subgroup; 
(ii) y(t) = 7" (t) is the one-parameter subgroup generated by v; 
(iii) the flow ©? of v" is given by OF = Ry). 
Proof. We have already seen (i) <= (ii). To see (dit) = (zi) observe 
that the first implies y’(t) = O?(e) = Ryaye = y(t). 
Finally, assume (ii) holds and fix g € G. Since v” is left-invariant, 


gy’ = L,° y’ is another integral curve of ut starting at g, thus, again 
by uniqueness of integral curves, we have R.(;)(g) = gy" (t) = ©? (9). 











Which implies (iii) by the arbitrariness of g. 





Given v € ¥,(G), the one-parameter subgroup y” determined by 
v in this way is called the one-parameter subgroup generated by v. 





Because left-invariant vector fields are uniquely determined by their 
values at the identity, it follows that each one-parameter subgroup is 
uniquely determined by its initial velocity in T.G, and thus there are 
one-to-one correspondences: 


{one-parameter subgroups of G} o X¥1,(G) - T.G. 


The exponential map, is the map that will allow us to dissipate 
some of the mystery around these isomorphisms. 


Definition 4.3.5. Let G be a Lie group and g its Lie algebra. We 
define the exponential map of G as the map 





exp: g > G, X + ¥(1), 

where ¥ is the one-parameter subgroup generated by X or, equiva- 
lently, the integral curve of X starting at the identity. © 
Exercise 4.3.6. Let G be a Lie group. For any X € X1(G),7(s) = 
exp(sX) is the one-parameter subgroup of G generated by X. * 
Example 4.3.7. Proposition 4.3.13 shows that the exponential map of 
GL(n) is given by exp A = e“. This is where its name originated. 

This is a corollary of the properties of flows, of group properties 
and of the previous propositions. 


Proposition 4.3.8. The exponential map exp : g — G satisfies the 
following. For all s,t¢ Randve g 


1. exp is smooth; 

2. exp((s + t)v) = exp(sv) exp(tv); 
3. exp(—v) = (exp(v))“}) 

4. exp(tv) = 7" (t); 

5. the flow O? of v” is given by OF = Rexp(tv): 


The following property, on the other hand, deserves a bit more 
care. 


Theorem 4.3.9. The exponential map exp : g — G is smooth. Moreover, 
up to the canonical isomorphism Tog = g, the differential dexp, at 0 € gis 
the identity. 
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Proof. SmooTHNess. We need to show that O7(e) depends smoothly 
on v. This is not covered by our previous analysis of flows, but can 
be via the following trick. Define a vector field vy on G x g by 


V(gv) = (vg, 0) € TyG x Tyg ~ Tir) (G x g)- 


Clearly v satisfies the section property, so for it to be a smooth vec- 
tor field, we only need to show that it is smooth. Pick any basis 
(X1,...,X) for g and let (x’) be the corresponding global coordi- 
nates for g defined by (x’) + x'X;. For any f ¢ C®(G x g) and given 
ave g,let f, := f(-,v) : G > R denote the smooth function defined 
by regarding v as fixed. Then 1(9,.) f = vy f(g). 

Since v’ depends linearly (and thus smoothly) on v and f is 
smooth in both g and v, the expression (g,v) +> vu} f(g) is smooth 


in both arguments. This confirms that vu is a vector field and, 


9,v) 
therefore, its flow ©”, which by Proposition 4.3.4 is given by 


O¢ (9g) :-= (gexp(tv),v), (t,9,v) Ee Rx Gx g, 


is smooth. In particular, 0; (e) = (exp(-),-) : g > Gx g is smooth and 
therefore exp itself is. 


THE DIFFERENTIAL dexp,. We want to show that the following 
diagram commutes 





Tog dexpy > g 


T id 
i 
g 
where 79 : g — Tog is the map from Exercise 2.4.8. Let v € g, then 
To(v) = 6’(t) where 6(t) = tv. Thus we have 
dexp,(Tov) = (exp 0d)’ (0) 


d ae 
= at lec exp(tv) = = ceo (t) =», 











which completes the proof. 





Corollary 4.3.10. The exponential map is a diffeomorphism of some 
neighbourhood of the origin in g onto its image in G. 


Finally, let’s investigate how the exponential map behaves with 
respect to Lie group homomorphisms. 


Proposition 4.3.11. Let G and H be Lie groups with Lie algebras g and 
h respectively. If F : G — H isa Lie group homomorphism, the following 
diagram commutes: 


Px 
so —— > hi 
o° |e 
F 
G —— HH 
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Proof. We need to show that exp(F;.v) = F(exp(v)) for every 

vu € g. Instead, we will show the stronger result that for allt € R, 
exp(tf,.v) = F(exp(tv)). The left-hand side is the subgroup gen- 
erated by F;,.v, thus if we put y(t) = F(exp(tv)), it is enough to 
show that y : R — H isa Lie group homomorphism such that 
7'(0) = (F,v)-. A composition of homomorphisms is a homomotr- 
phism, therefore t +> F(exp(tv)) is a one-parameter subgroup of H. 
For the initial velocity, observe that 


(Fo exp)'(0) F(exp(tv)) 


ass 


=dFo (Fle expt) 
= dFo(ve) = (Fxv)e- 














Remark 4.3.12. Note that it we have not shown exp(X + Y) = The complete formula is called Baker- 
ie se : PC * ) Campbell-Hausdorff formula and 
(exp X)(exp Y). In fact, this is false in general. As a matter of fact, its use appears all over the place in 


exp X exp Y = expZ where mathematics and physics [BF12]. 





22X44 514,Y]4+ SOY - MY +... 


with the ... indicating terms involving higher commutators of X and 
y. ) 


The one-parameter subgroups of GL(n) follow nicely from the 
results introduced above. Let A € gl(n). Using its identification with 
%(GL(n)) we can think of the matrix A as the left-invariant vector 
field A’. That is, the one-parameter subgroup generated by A is the 
integral curve of A’ on GL(n) starting at e. This is a good place to 
see where the right shift is coming from. 

Let A = (A‘) and let (Xj) denote the global coordinates on 
GL(n) given by the matrix entries. Then the natural isomorphism 
TiaGL(n) =~ gl(n) is given by the mapping 


a0 
7OX: 





id 7 





Thus, if you remember that v’|, = d(L,)¢(v), the left-invariant 
vector field A” is given by 


a 
A"|x = d(Lx)ia(A) = d(Lx)ia Ge , 


and, thus, in coordinates, its value at X € GL(n) is 


ie 
XP At. 
et Ox 





Which means that the condition to be an integral curve, in coordi- 

nates, is £+i(t) = 7}.(t)A* or, in matrix notation, y(t) = +(t)A. By 
k 

using the expansion e'* = )),.5 4, one can verify that such 7 is 

exactly the matrix exponential. 


We can summarise’ this as follows. 7 One should also prove convergence, if 
you are curious about the details you 
can refer to [Lee13, Proposition 20.2]. 
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Proposition 4.3.13. Let A € gl(n), then the one-parameter subgroup of 
GL(n) generated by A is 


Corollary 4.3.14. Let G be a matrix Lie group with Lie algebra g. Then 
the exponential map exp : g — G is given by matrix exponentiation: 
exp A = e4, 


Exercise 4.3.15. The one-parameter subgroups of O(n) are the maps 
of the form e'4 for arbitrary skew-symmetric matrices A. In particu- 
lar, this shows that the exponential of any skew-symmetric matrix is 
orthogonal. * 


Exercise 4.3.16. Let Ga Lie group and g its Lie algebra. For any 
X,Y € g, there show the following results. 


1. For some € > 0, there is a smooth function Z : (—e,€) > gsuch 
that, for all t € (—e, €), 


(exp tX )(exp tY) = exp(t(X + Y) + t?Z(t)). 


2. For some c > 0, there is a smooth function Z : (—e,e) > g such 
that, for all t € (—e, €), 


(exp tX)(exp tY) = exp (ux Vy of cage 620) 


Hint: Taylor expansions and Exercise 4.1.14 can help for this exercise. * 


The study of Lie groups acting on manifolds, opens a whole 
world of interesting topics, spanning across all fields of mathematics. 
We will not enter into the details here, however I want to leave you 
the main definitions. 


Definition 4.3.17. Let G a Lie group and let M be a manifold. We 
call left action of Gon M asmooth map £: G x M — M such that 





&(gh,p) = €(g,e(h,p)), l(e,p) =p 


for all g,h € Gand p € M. For any fixed g € G, the map p > &(g,p) 
is a diffeomorphism of M, which is usually denoted ¢,. Analogously, 
we call right action of Gon M asmooth map p: M x G > M such 
that 





p(p, gh) = p(p(p,9),h), plp,e) =p 
for all g,h € Gand p € M. For any fixed g € G, the map p +> p(p,q) 
is a diffeomorphism of M called orbit map, which is usually denoted 
p? or (p,g) > p-g. 0 
There are many interesting types of Lie group actions. I am going 


to mention one here, which occurs when the action of Gon M is 
transitive. In this case M becomes a homogeneous space and is 





diffeomorphic to the quotient G'/H for some Lie subgroup H c G. 


This uncovers the structure behind 
the structure you encountered in 
Exercise 2.8.26. 


LIE GROUPS AND LIE ALGEBRAS 


Exercise 4.3.18. Let G be a Lie group with Lie algebra g. For each 

g € G, the differential at the identity of the conjugation map C, := 
[,° R,-1 : G > Gisa linear isomorphism C,, : g — g. Hence, 
Cox € GL(g). 


1. Show that the map Ad : G —> GL(g) defined Ad(g) = Cy, and 
called adjoint representation of G' is a group homomorphism. 





2. Show that Ad : G > GL(g) is smooth. 


* 


We will come back to discuss Lie groups and Lie algebras in the 
appendix on distribution theory and Frobenius theorem. 
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5 
Cotangent bundle 


5.1 The cotangent space 


THE DUAL OF A VECTOR SPACE Should be a well-known concept 
from linear algebra. We recall it here just for the sake of convenience. 


Definition 5.1.1. Let V a vector space of dimension n € N. Its dual 





space V* := L(V,R) is the n-dimensional real vector space of linear 
mapsw : V — R. The elements of V* are usually called linear 





functionals and for w €¢ V* and v € V it is common to write 
w(v) =: (w,v) =: (w |v), 
even if the dual pairing (w | v) is not a scalar product. © 


Remark 5.1.2. Note that a scalar product ¢,) : V x V — Rona 
vector space V provides a natural identification of V and V* via the 
map V 3 u +> (v,-) =: w(-) € V*. Even though dimV = dimV* 

in any case, without the scalar product there is no such canonical 
isomorphism. ) 


In the previous chapter we defined the tangent space as a special 
vector space over each point in a manifold, which nicely fits in the 
requirements above. 


Definition 5.1.3. Let M be a differentiable manifold and p « M. The 
dual space TM := (T,M)* of the tangent space T,,M is called 

the cotangent space of M at p. The elements of T7* M are called 
cotangent vectors, covectors or (differential) 1-forms at p. © 





For a function f : R” — R, we usually consider the gradient V f(x) 
at a point x to be a vector. On a manifold however things a slightly 
different. 


Example 5.1.4 (The differential of a function). Let f ¢ C%(M/). Let’s 
look carefully at its differential: 


dfp :T)M > Trp R~R 


is a linear function from the tangent space to R. In other words, 
dfp ¢ TSM. © 
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Whereas tangent vectors give us a coordinate-free interpretation 
of derivatives (of curves), it turns out that derivatives of real-valued 
functions on a manifold are most naturally interpreted as cotangent 
vectors. 

Indeed, we saw that the action of df, on a tangent vector v € 
T,M can be interpreted as the directional derivative of f at p in the 
direction v and, by using Definition 2.5.6, we have 


Uip(v) = SI) 


t t=0 
for some curve y with (0) = pand y'(0) = v. We also know that 
the equation above can be rewritten by thinking of v as a derivation, 
giving 

dfp(v) =v(f)- 
That is, we can think of the dual pairing (df | v) in a twofold way: 


e asa linear action of the covector df on the vector v; 


e as the linear action of the vector v as a derivation operating on the 
function f. 


Notation 5.1.5. In analogy to the notation £ > that we used for tan- 
gent vectors, when convenient we may write df|,, instead of df). > 

To look more concretely at differential forms, let’s compute its 
coordinate representation. Let (U, (x’)) be a chart on M”. Since the 
coordinate functions x? « C”(U) are smooth real valued functions, 
we can define the corresponding coordinate 1-forms dzx"|, € T;*M. 
Their action on the coordinate vector fields, then, is immediately 
computed as 


a 0 i é _ i si 
(2b geal.) =A" (esl) = aerl a4 


Which proves the following statement. 


Proposition 5.1.6. Let (x‘) be local coordinates on an open subset U © 
M”. At each point p € U, the covectors {dx'|p,...,dx™|,} form a basis for 


\s 


That is, any 1-form w can be locally written as a linear combina- 


the cotangent space T;* M which is dual to the basis {2 








é 
oe i Pe 
Pp 


the tangent space T,M. 


tion 

w=w; dx 
where w; : U > R. Inparticular, if f ¢ C°(M), the restriction df to 
points in U should have the same form. Evaluating it on a coordinate 
vector field gives, for all p € U, 


é rm “ 
ty (seal) =e (se5],) = 8 5 
of 
Bi (P)- 


That is, the local expression for df is 


_ of 
~ Ox 





df dz’. (5.1) 
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Remark 5.1.7. In calculus 1 you have probably been told that you can 
cancel out differentials when applying solving differential equations. 
This was probably accompanied by a warning that it is just a formal 
thing, a computational convenience. We can finally make sense of 
that in a general context: in one dimension, (5.1), reads as 

















of a 
d 
= a 
0 
Example 5.1.8. If f(x,y) = xy*e3” on R?, then df is given by the 
formula 
2 32 2 3x 
df = O(xy7e Dies | O(xy7e day 
0x oy 
= (y7e** + 32y*e3*)da + 2rye** dy. 
% 
With the local basis, computing with covectors Pe much 
easier. Given a covector w = w; dx) and a vector v = v' 3% expressed 
in the respective coordinate bases for the local coordinates (x), by 
linearity in both arguments the dual pairing takes the form 
aR i a 
hija ligt =: een? j Sa 
(w |v) = (« dx |v x) wy (<0 =) wy". 
é é 2 
Example 5.1.9. Let, now, v = 74~ Fle.2) + 355 aa € Ti1,2)R*, and f 
from Example 5.1.8. We have 
(df \(1,2) y’e** + 3ay%e** )dax + 2rye®* dy rf. + ce | 
( Ox oy ) 1,2) 
= T(yre** + 3ry*e**)\ (1,2) + 6rye**|(1,2) 
= 7(4e? + 12e*) + 12e7 = 52e. 
% 
Exercise 5.1.10. Let M be a smooth manifold and let f,g ¢ C®(M). 
Show that the following properties hold: 
1. d(af + 8g) = adf + Gdg for a, B € R; 
2. A fg) = fdg + gdf; 
3. d(f/g) = (gdf — fdg)/g? on the set where g # 0; 
4. if J © Rcontains the image of f and h : J — Ris smooth, then 
d(ho f) = (h'o f)df; 
5. if f is constant, then df = 0. 
* 


Remark 5.1.11 (The double dual). We said in Remark 5.1.2 that unless 
we have an inner product, there is no canonical identification of 
a vector space with its dual. This is true also for the tangent and 


g1 
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cotangent spaces. However, the situation is different for the double 
dual T5*M := (T;M)*. 
For v € TM, the map 


iy : TM — R, wr iy(w) = (w |v) 


is linear and therefore 7,, € T3*M ; 

Furthermore the map i : T,M > aM. , i iy, is a vector space 
isomorphism. Indeed, it is injective since ker(i) = {0} and since 
dim T,M = dim T;** M also surjective’. 

That is, Ty *M can be canonically identified with T, M. 

So, to add up to our list of interpretations of geometric objects, we 
now have seen that 


e acovector can act as a linear functional on vectors; 
e avector can act as a linear functional on covectors. 


% 


This should start giving you an idea of what is behind the follow- 
ing famous quote by Henri Poincaré: 


Mathematics is the art of giving the same name to different things. 
5.2 Change of coordinates 


In Remark 2.3.17 we have seen that if we have two different charts 
with local coordinates (x*) and (y’) on a smooth manifold M, 





























a oy) 0 
Ox |p Ox? P il 
Thus, if v € TM has local form v = v' o = i) |, we get 
at lp y? |p 
; 0 ,oy? al 
Ox" |p Ox Oy) |p 
vd a 
Oy) p 
or, reading off the basis elements, 
Dif <3 
w= M 2 
w= Hone (5.2) 


Let now w € TM with local form w = w;,dx"|, = G;dy'|p. In 
analogy to our previous computations we get 














0 (2) ) =0(H m4) ) = Hew 
oe Ox" |p Tees dat By |p ~ Bat PIG: 
That is, 
Oy), 
Wi = Bat (POs (5-3) 


There is an important difference* between (5.3) and (5.2). For 
covectors, (5.3) shows that their components transform in the same 


*Why? If rank-nullity theorem does not 
ring a bell, make sure to look it up. It is, 
e.g., [Lee13, Corollary B.21] 





Let’s denote the two charts respectively 

by yand y, then if d = 70 y 1 is the 

corresponding transition map, one has 
dy) 0 j 0 


nai Pa g|, = (POO 55, 





where D¢ is the Jacobian matrix of the 
transition map. 


? Thave borrowed this explanation 
from [Lee13, Chapter 11]. 
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way as (“vary with”) the coordinate partial derivatives: the Jacobian 


of the change of variables ae (p) multiplies the objects associated to 
the “new” coordinates y’ to obtain the objects associated to the “old” 
coordinates x’. For this reason covectors are said to be covariant 


vectors. Analogously, tangent vectors are said to be contravariant 





vectors, since (5.2) shows that their components transform in the 
opposite way. 

The difference in the way vector and covector transform is re- 
flected also in the way they are transformed by smooth maps be- 
tween manifolds. As we have seen, the differential of a smooth map 
yields a linear map between tangent spaces that pushes vectors from 
one space to the other. Its dual is going to be a map that pulls vector 
form one covector space to another. 


Definition 5.2.1. Let F': M — N bea smooth map between smooth 


manifolds, let w ¢ T*,. N for some p € M. The pullback of covectors Which is also the reason why, some 
F(p) : 
authors, use the notation Fy, to denote 
the differential of maps between 
manifolds and other call pushforward 
dF5 : Trp) N > Ty M, wre dF*w, the differential. 


by F at the point Fp), is the dual linear map of the differential 


defined by duality in the following way3: 3 Or, omitting the point of application, 
(dF*¥w,v) := (w,dF(v)). 


(dF w |v) := (w|dF,(v)), Ve T,M, Wwe Trp) N- 


Equations are getting more and more 
Let’s check that the definition above makes sense: dw € T;*M so tricky: this kind of dimensional analy- 


: sis is extremely useful to check that you 
v € T,M, butw € Tip) N so dF,(v) € Trp) N since dF, : T,M > are doing the right thing. 
Tr(p)N. 


5.3 One-forms and the cotangent bundle 


In analogy to Chapter 2.6 we can glue the cotangent space together 
into a vector bundle on M. 


Definition 5.3.1. The cotangent bundle 7* M of M is the disjoint 





union of cotangent spaces 


T*M := | | ({p} x TM) = {(p,w) | pe M, we T#M}. 
peM 


o 


The cotangent bundle is a vector bundle of rank n with projection 
a: T*M — M, (p,w) - p. The cotangent spaces are the fibres of the 
cotangent bundle. 


Theorem 5.3.2. Let M be a smooth n-manifold. The smooth structure 
on M naturally induces a smooth structure on T* M, making T* M into a 
smooth manifold of dimension 2n. 


Exercise 5.3.3. Mimicking what we did for Theorem 2.6.3, complete 
the proof of Theorem 5.3.2. * 
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Definition 5.3.4. A covector field or a (differential) 1-form on M is 
a smooth section of T* M. That is, a 1-form w € [(T* M) is a smooth 
map W : p — Wp € TM that assigns to each point p € M a cotangent 





vector at p. We denote the space of all smooth covector fields on MZ 
by ¥*(M). 

Of course, one can also define C’-covector fields as the C?-maps 
w:M —>T*M such that 7 ow = idy. © 





Remark 5.3.5. In Exercise 5.3.3 you have shown that coordinate covec- 
tor fields are smooth local sections for the cotangent bundle. © 


In analogy with the previous chapters, for covector fields w € 
X* (1) we will often make the identification of its value w(p) = wy € 
{p} x T*M at pe M with its part in TM without necessarily making 
this explicit in the notation by projecting on the second factor. 


Example 5.3.6. Let f €¢ C?(M), then the map 
df:M—>T*M, podflpeT*M 


defines a 1-form df ¢ X*(M). » 


As smooth sections of a vector bundle, covector fields can be 
multiplied by smooth functions: if f ¢ C?(M/) and w € ¥*(M), the 
covector field fw is defined by 


(fw)p = f(p)wp.- 


Also in this case, ¥*(/) is a module over C?(M). 

Since differential 1-forms are dual objects to tangent vectors, the 
action of a formwon X € X() is well-defined and pointwise 
defines a function 

(w |X): p> (wp | Xp). 
Exercise 5.3.7. The differential form w is smooth if and only if, for 
every smooth vector field X € X(M), the function (w | X) € C®(M). 


Hint: write it down in local coordinates. w 


Definition 5.3.8. The pullback of covectors immediately extends to 
covector fields. The pullback is the map 


FY: X*(N) > X*(M), wr F¥w 


defined by 
(F*w)p = dFF (wp). 


By definition, this acts on vectors v € T,, M by 


((F*w)p, 0) = (Weep), IF p(v)) = wr(p) (4Fp(v)). 


Exercise 5.3.9. Let F : M — N beasmooth map between smooth 
manifolds. Suppose f is a continuous real valued function on N and 
w € ¥*(N) is a covector field on N. 


For reasons related to tensor fields 
that we will understand soon, this is 
sometimes denoted 7? (M). 


1. Show that 
F* (fw) =(foF)F*w := F* f F*w, 


where we introduced the pullback of a smooth function as F*g := 
goF. 
2. Ifin addition f ¢ C®(N), show that 


F*df =d(f oF) =d(F*f). 


Hint: apply the equations at a point p € M and keep rewriting the equations in 
different forms. * 


Exercise 5.3.10. Let F : M — N smooth map between smooth 
manifolds. For p ¢ M, denote (V, (y’)) a chart on N around F(p) and 
let U = F7!(N). If w = wjdy? € ¥*(N), apply twice Exercise 5.3.9 to 
show that in U 
F*w = (w; 0 F)d(y! o F). 

Let F : R? — R* be the map (u,v) = F(z, y, z) = (xy*, ysin z). Let 
w € X*(R*) denote the covector field w(u, v) = udv — vdu. Compute 
F* wy, * 

Exercise 5.3.9 is particularly interesting if we look at it in relation 


to the pushforward. 


Proposition 5.3.11. Let F : M > N bea diffeomorphism and X € X(M). 
Then, for any f ¢ C”(N), 


X(F* f) =F, X(f)o F. 
Proof. Indeed, for any pe M, 


FX (f) 0 F(p) = (Fa X)f)(F(p)) = (Fe X) ref 
= (dF oX 0 F™)(F(p))f = (dF 0 X)(p)f 
= dF (Xp)f, 
X(F" f)(p) = X(f 0 F)(p) = Xp(f o F) = dFy(Xp)f 














In this case you often say that the vector fields are F-related* or 
that they behave naturally: you can either pull back the function f to 
M or push forward the vector field X to N. 


Exercise 5.3.12. Let {p,} denote a partition of unity on a manifold 
subordinate to an open cover {U,,}. Let F : N — M denote a smooth 
map between smooth manifolds. With the definition of pullback of 
functions given above, prove that 


1. the collection of supports {supp F* p.} is locally finite; 


2. the collection of functions {F*p,} is a partition of unity on NV 
subordinate to the open cover {F~'(U,)} of N. 
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4 This is a definition that can be prop- 
erly formalized, but we will not spend 
any time on it in during the course. 
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When we discussed vector fields, we observed that pushforwards 
of vector fields under smooth maps are defined only in the special 
case of diffeomorphisms. The surprising thing about covectors is 
that covector fields always pull back to covector fields. 


Example 5.3.13 (Polar coordinates on R*). We can define polar coor- 
dinates in R? via the map 


w:Ry x (—a,7) > R*\{a € R? | 2? =Oand a’ < 0} 


(7,0) > (rcos@,rsin 6). 


It is immediate to check that ~ is a diffeomorphism between open 
subsets of R?, and we can think of ~~! as local coordinates for a part 
of R?. 

On the image of ~ we have the coordinate basis {dx', dx?}. In or- 
der to express them in terms of the coordinate basis {dr, d0}, we can 
apply Exercise 5.3.9, the properties of differentials and the formulas 
for the change of coordinates to get 


w* (dx!) = d(x! ow) = d(rcos 6) 

= cos 6dr + rd(cos 6) = cos@dr —r sin d6 
w* (dx*) = d(x? ow) = d(rsin6) 

= sind dr +rd(sin@) = sin@dr +r cosé dé. 


% 


Example 5.3.14 (Tautological one-form). On T* M there is a 1-form, 


called5 tautological one-form, defined as follows. 5 As usual there are different names: 
two other common ones are Liouville 


p form or Poincaré form, but don’t be 
Xu, € T.,(£*M) is a tangent vector to T* M at wy. Let 7 : T*M — suprised if you find more. 








A point in T* M is a covector wp € TM at some point p € M. If 





M, then the pushforward 7,,(X.,,,) € T,M is a tangent vector to M 
at p. Therefore, one can pair w, and 7,,(X,,,) to obtain a real number 
(Wp | 7 (Xw,)). The tautological one-form 6 ¢ X*(T*M) is then 
defined as 

Busy (Xuy) 3= (u» | (Xu,)) 


This is a very important concept in symplectic and contact geome- 
try and in the mathematical theory of classical mechanics. > 


The pullback is a rather pervasive concept, and does provide us a 
new way to explore vector bundles. 


Example 5.3.15 (The pullback bundle). Let F : M — N be asmooth 
map between manifolds. Suppose that 7 : E — N bea vector 
bundle of rank r over NV. Then M x F isa trivial bundle over M 
with constant fibre #. You may think that this is yet another trivial 
example, but it allows us to define the pullback bundle F* E: let 





F* BE := {(p,v)€ Mx E| F(p) = 7(v)}, 


with the projection I], : F*E — M. The fibre of F* E over p « M, 
then, is {p} x Epp), which under Hy : F*E — E is diffeomorphic 
to Epi). If p : m1(U) > U x R" is a bundle diffeomorphism for E, 
then yo ly : Hy '(F~!(U)) > U x R’ is a bundle diffeomorphism for 
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F*E. This F* FE is a vector bundle of rank r over M. In summary, the 
following diagram commutes: 


fp" 3p 


Th wT: 


M —*—_.N 


5.4 Line integrals 


An important direct feature of 1-forms is that they are the natural 
geometric objects that can be integrated along 1-dimensional (ori- 
ented) submanifolds, i.e. along curves. In this sense they provide 
a coordinate-free way to define line integrals. We will not see this 
in too many details yet, but it is worth taking the time to give the 
definition and see a few properties. 

The idea is to use the pullback to pull the 1-form to the parameter 
space R and interpret the integral there as a usual Riemann integral. 


Definition 5.4.1. Let 1/ be a smooth manifold, y : I = [a,b] c R > 
M asmooth curve and w € X*(M) a 1-form. The (line) integral of w 
along 7 is the number 


[ox [ref (ate Se) (oat 


where y*w is the pullback of w to I by 7 and £ : I > TTis the unit 
vector field on J. The pointwise dual pairing (7*w | £) ¢ C%(Z) and 
is integrated in the usual Riemannian sense. 0) 





Example 5.4.2. Let M = R?\{0}. Let w be the one-form 
_ ady — ydx 
ae g2 + y? 
and let y : [0,27] — M be the curve segment defined by y(t) = 
(cost, sin t). 
We already saw that thanks to covariance, 7*w is immediately 


computed with the substitution « = costandy = sintin the 
definition of w, so we get 


I we | cos t d( —) — sin t d(cos t) 
[0,277] 





sin? t + cos? t 


= = (cost cost dt — sint (— sint) dt) 
[0,27] 


27 
=| dt = 2r. 
0 


Exercise 5.4.3. Let M be a smooth manifold, y : I = [a,b] <c R > 
M asmooth curve and w € X*(M/) a 1-form. Show the following 
properties. 
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1. Show that with the definition above 
b 
[ o=[ anor @ve. (5.4) 
Y a 


2. Let J c Rbe an open interval and F : J — Ia diffeomorphism 
with F’(t) > 0. If 6 : J — M denotes the reparametrisation of 7 
defined by 6(t) := F* y(t) = (yo F)(t), show that 


[--J- 


Hint: use the chain rule to get 5’(t) = y'(F(t))F’(t) and then apply (5.4). 


3. Let f ¢ C?(M). Prove the fundamental theorem of calculus: 
[ @=10@)-F0@). 
y 


Hint: justify that dfya)(7'(t)) = 4 (7(s))| and then use the usual 


ds s=t 
fundamental theorem of calculus on R. 


x 


Exercise 5.4.4 (One-forms in thermodynamics). Consider a phys- 
ical system composed of a fixed number of particles. The thermal 
equilibrium state of the system can be characterised in terms of its 
entropy S € R+ and its volume V € R. If we think at the thermody- 
namic state space M = R47. c R? as a smooth manifold, we can define 
the energy of the system as a function FE = E(S,V) : M — Ron the 
space of equilibrium states. 

Show that the differential dE ¢ X*(M) has the following represen- 
tation with respect to the coordinate basis {dS, dV}: 

OE OE 
dE = agi? + aviY =: TdS — pdV. 

Here T and p are the two functions denoting respectively the temper- 
ature of the system and its pressure. The 1-form TdS os called the 
heat absorbed by the system while —pdV os the work performed by 





the system. 

Differently from the other properties of the system, these are not 
functions and thanks to this it makes sense to ask how much heat 
has been transferred or how much work has been performed: these 
are just the integrals of those one-forms over curves in the space of 
equilibrium states. 

Note that since the energy is the differential of a function, its 
integral over a closed curve is just the difference between initial 
and final energy and, thus, it vanishes. However, work and heat 
are usually not the differential of a function, which makes their 
integral dependent on the specific path taken and usually not vanish 
on closed loops. This peculiar property is what makes possible to 
construct heat engines. * 


This shows that line integrals are 
independent of the parametrization. 


6 
Tensor fields 


Many of the spaces that we have encountered so far are particular 
examples of a much larger class of objects. In this chapter we are 
going to introduce all the necessary algebraic concepts. 

We have seen that covectors in V* are real linear maps V > R 
from the underlying space V while, through the double dual, vectors 
can be understood as real linear maps V* — R from the dual space 
V*. In practice, tensors are just multilinear real-valued maps on 





cartesian products of the form V* x --- x V*¥ x V x - x V. We have 
already encountered some examples; covectors, inner products and 
even determinants are examples of tensors: 


e ascalar product is a bilinear map ¢-,-): V x V > R; 


e the signed area spanned by two vectors is a bilinear map R? x 
1p38 9) Pails 


R? — R defined by area(u,v) := uA v=u'lv? — v?0!; 
e the determinant’ of a square matrix in Mat(n, R), viewed as a 
function det : R” x --- x R” — Ris an-linear map. 
ee 


n times 


So functions of several vectors or covectors that are linear in each 
argument are also called multilinear forms or tensors. It should not 
come as a surprise that multilinear functions of tangent vectors and 
covectors to manifolds appear naturally in different geometrical 
and physical contexts. In this chapter we are going to discuss the 
general definitions and notions that interest us, some of which may 
be just refreshing what you have seen in multivariable analysis in the 
context of general vector spaces V. Keep in mind, that at a certain 
point, we will replace V with the tangent spaces T,.M of asmooth 
manifold M. 


6.1. Tensors 


Definition 6.1.1. Let V be a n-dimensional vector space and V™ its 
dual. Let 


Mult(Vi, sang Vi) 


denote the space of multilinear maps V; x --- x Vx > R. 


For a brief and concrete explanation 
of tensors, I warmly recommend 
the following youtube video by Dan 
Fleisch and [Lie45, Chapter XIV]. 





*In fact, the signed area is the determi- 
nant of the 2 x 2 matrix (wv)... 
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A multilinear map 


TiV% Kx VEXVx---xVorR 
~~ 
s times 


is called tensor of type (r,s), r-contravariant s-covariant tensor, or 





(r, s)-tensor. Similarly as we did for the dual pairing, when conve- 
nient we define the pairing 


1 aA ey) 1 er: 
T (w sdegs gC Viguiastls) = (7 | w eee) Sisereg ta) 


For tensors 7; and 72 of the same type (r,s) and a1,a2 € Rwe 


define 
(171 + Q2T2|...) = a1 (T1|..-) + a2 (T2|...). 
This equips the space 
r times 
—__ 
POV = Mult acy VV V) 

ey 

s times 
of tensors of type (r,s) with the structure of a real vector space?. In > Be careful when reading books and 
particular Vet= TO) and V = TN), ros papers, for tensor spaces the literature 


is wild: there are so many different 
conventions and notations that there 


. ; is not enough space on this margin to 
R”, is a (0, 2)-tensor. This means, for example that the aforemen- mention them all. Note that the book 


tioned scalar product is an element of T}(R”). of Lee inverts the order of superscripts 
and subscripts in T?. 


Example 6.1.2. e Aninner product on V, e.g. the scalar product in 


e The determinant, thought as a function of n vectors, is a tensor in 
TOCR™), 
e Covectors are elements of T?(T;,M) while tangent vectors are 
elements of Tj (TM). 
% 


Take now, for example, two covectors ww? € V*. We can define 
the bilinear map 


a @wsVeXVSR ow ® w?(v1, v2) = w1(v1)w2(v2), 


called the tensor product of w' and w?. This can be generalized 
immediately to general tensors in order to define new higher order 
tensors. 


Definition 6.1.3. Let V an n-dimensional vector space, 7, € T?(V), 
T2 € Te (V). We define the tensor product 7; ®72 as the (r +r’, s +8")- 


tensor defined by 
1 r+r’ 
T, © Ta(w,...,W SUL, 0-5 Uses’) 
os 1 r rt+l r+r’ 
=71(W,...,W",U1,...,Us)Te(w pore yg Ste eiisew ty Deter): 


This definition immediately implies that the map 


@:T'(V) x 1 (V) > TT (V) 


is associative and distributive but not commutative (why?). 
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Exercise 6.1.4. Give a tensor in Tj which is a linear combination of 
tensor products but cannot be written as a tensor product. Justify 
your answer. 

Hint: one of the examples at the beginning of the chapter can help. * 


Of course, there is no reason to restrict ourselves to just two ten- 
sors: the definition above is immediately generalized to arbitrary 


tensor product, with an extra interesting property. A more general approach to this 
proposition is by proving the universal 
Proposition 6.1.5. Let V be an n-dimensional vector space. Let {e;} property of tensor spaces. See for 
i : sl _ 70 instance [Lee13, Propositions 12.5, 12.7 
and {<"} respectively denote the bases of V = T3(V) and V* = T?(V) and 13.81, 
respectively. Then, every Tt € V, can be uniquely written as the linear 
combination Exercise: expand Einstein’s notation to 
write the full sum on the left with the 
T= ee €;, @---@e;, ® e1@---@e®, (6.1) relevant indices. 
where the coefficients rhe id € R. Thus the n"** tensor products 
Cj, Or Dep, Gl" SO OS™, Fipeerp Gn liyetighy = Lyarsyh, 
form a basis of T’ (V), and T?(V) has dimension n"*°. 
Proof. Let {84} and {b;} denote the bases of V* and V that are dual 
to {e;} and {e"}, that is, A linear map is uniquely specified by 
its action on a basis, which in particular 
( BI | €;) = ry) = (ef | bi) means that these dual bases are unique. 
Fy : 
Define 
ae — T(B", see's) BP, Bi, ae bj). 
Then, on any element of the form (7, ..., 8", bi,,..., bi, ), We triv- 


ially have the decomposition (6.1). By multilinearity of all the terms 
involved, (6.1) holds for any element (w',...,w",v1,...,Us) after 
decomposing it on the basis. 

Uniqueness follows from the linear independence of the tensor 
products e;,®---@e;, ®e"!@: - -@e"* proceeding by contradiction. 














Exercise 6.1.6. Formalize in details the last step of the proof: unique- 
ness follows from the linear independence of the tensor prod- 
ucts. w 


Remark 6.1.7. There is a canonical isomorphism such that 


r times 
_ol 
Ti(V)~V@---@V@V*®@:--@V*. 
e—_—Y 


s times 


This allows us to choose whichever interpretation is more conve- 
nient for the problem at hand: being it a multilinear map on a cross 
product of spaces or an element of the tensor product of spaces. 


Let’s go back for a moment to the example of inner products. 


Definition 6.1.8. We call pseudo-metric tensor, any tensor g € T3(V) 
that is 





1. symmetric, i.e. g(v,w) = g(w,v) for all v, w € Ty (V); 
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2. positive semidefinite, ie. g(v,v) > 0 for all v 4 0. 
We call non-degenerate any tensor g € T}(V) such that 
g(vu,w) =0 VYwev => v=0. 


A metric tensor or scalar product is a non-degenerate pseudo- 





metric tensor, that is a symmetric, positive definite (0, 2)-tensor. The 
Riemannian metric is a metric tensor on the tangent bundle of a 
manifold. 

An example of non-degenerate tensor which is not a metric is the 
so-called symplectic form: a skew-symmetric non-degenerate (0, 2)- 
tensor, which is fundamental in classical mechanics and the study of 
Hamiltonian systems. % 


Example 6.1.9. Let V be a n-dimensional real vector space with 
an inner product g(-,-). Denote {e1,...,€,} the basis for V and 
{e',...,e"} the basis for its dual V*. As a bilinear map on V x V, 
the inner product is uniquely associated to a matrix [g;;] by gi; := 
g(ei, ej ). 

We already mentioned that in this case we can canonically iden- 
tify V with V*. Indeed, the inner product defines the isomorphisms? 


:V>V*, ve g(v,-), anditsinverse ':V*— V. 


The matrix of ”, by definition, is [9;;], that is, 
(v); = giv", 


where the v! are the components of v. Therefore, the matrix of tis 
the inverse [9‘!] of the inner product matrix, that is, 


(wh)? = gw, 


where the w,; are the components of w. 

Note that, in general, e? 4 e’: indeed, by definition e? = gi;e?. 

It turns out that these operators can be applied to tensors to pro- 
duce new tensors. For example, if 7 is a (0, 2)-tensor we can define 
an associated tensor 7’ of type (1,1) by T(w, v) = T(w#, v). Its compo- 
nents are (r')2 = PP rip. © 


Exercise 6.1.10. Let V be a vector space with an inner product. 


1. Show that the space T/'(V) is canonically isomorphic to the space 
of endomorphisms of V, that is, of linear maps L: V > V. 


2. If £ € T/(V) is the tensor associated to A, show that its compo- 
nents ¢/ are just the matrix entries of A seen as a matrix. 


3. Of course, given the previous example, T}'(V) is also canonically 
isomorphic to the space of endomorphisms of V%, that is, of linear 
maps A: V* — V*. Prove the claim by explicitly constructing the 
mapping £ <= A. 


Hint: definitions can look rather tautological when dealing with tensors... think 
carefully about domains and codomains, remember the musical isomorphisms and 


the tensor pairing. * 


3 Often called musical isomorphisms 
or index raising and index lowering 
operators. 





That ? is an isomorphism follows 
immediately from the linearity and the 
fact that non-degeneracy implies that 
its kernel contains only the zero vector. 


4 Using lower indices for matrix entries 
and upper indices for the entries of the 
inverse is very common. It turns out to 
be an especially convenient notation, 
which simplifies many formulas 

in general relativity and classical 
mechanics. 


To add to the confusion: in the physics 
literature, for v € V, the components 
v3 of v” are often called covariant 
components of v while the components 
v) of v are called its contravariant 
components. 


We are now in a good place to discuss how tensors are affected by 
changes of basis. Let L : V — V be an isomorphism, then we can 
define a new basis {é;} of V by é; := Le;. For convenience, we denote 
its dual basis by {’} in contrast with our initial notation. 

Thinking in linear algebraic terms, what is the linear map A : 
V* — V* that relates the dual bases? This must be determined 
somehow by 

5; = (& | &) = (Ae* | Le;). (6.2) 

It is convenient, at this point, to introduce the dual map L* : 

V* — V* to L. This is defined as the map such that for all v ¢ V and 
for all we V* 
(wi|Lv) = (L* wl|V). 


But we already know how to define such kind of map! This is like a 
pullback: L*(w) := wo L for w € V*. As matrices, this means that 
w! Lv = (L7w)"v, so the matrix of L* is the transpose of the matrix 
of L. 

Let’s go back to (6.2): 


5; = (Ae’ | Le;) = (L* Ae’ | e;) 
thatis, A= (L*)*. 


So, as matrices, A = (L7)~! is the inverse of the transpose of the 
matrix of L. 

If [1] is the matrix associated5 to the endomorphism L : V > V, 
that is, /? := (e/|Le;), and [2] the one associated to the endomor- 
phism A : V* — V%*, then the above translates into 


5; = (Ae® | Les) = (Aj, e** | Uf en.) = jl. 


That is, as we already saw, as matrices they are inverses of each 
other. 

We can transport this fact to general tensors to obtain that the 
components of an arbitrary tensor 7 € T(V) transform as follows. 
Since 


T= TEP ej, @++ Be; BE" @--- @e* 
Tey Oe DE, BE" O- We”, 

applying the previous reasoning and comparing term by term we get 
og Sa ee OP eae 

or 

wkyekp jis-jr \k ky 74 is 

Trg tag = Teyeoda Aja AG bh: 
Remark 6.1.11. An important consequence of this fact is that we 
can use a metric tensor, and the associated musical isomorphisms 
? and #, to canonically identify a tensor space T’(V) with T3(V), 
Tj **(V) and TP, ,(V) by concatenating the correct number of maps, 
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5 Does exercise 6.1.10 ring any bell 
here? 
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for example 


L=T,: Ti (V) > T3(V) 
s times 


T:tero(? Lt B 


aaa b 9 


eY~_Y 
r times 
In general, one can use the metric to raise or lower arbitrary indices, 
changing the tensor type from (r,s) to (r+ 1,s—1) or (r—1,s+1). 
A neat application of this is showing that a non-degenerate bilin- 
ear map g € T3(V) can be lifted to a non-degenerate bilinear map on 
arbitrary tensors, that is 


G:T3(V)x TV) > R, G(t,7) := (Z,(7) | 7). 


In particular, if g is a metric on V, then G is a metric on T7 (V). 0) 


Exercise 6.1.12. What do the canonical identifications of T7(V) with 
Tj ** and TP, , look like? * 


Remark 6.1.13. Interestingly, even though each of the tensor spaces 
T; (V) is generally not an algebra, the map ® transforms the collec- 
tion of all tensor spaces 


TV) := OTM(V), TH(V):=R, 
r,s>0 
to an algebra, called tensor algebra. Here, forr = s = 0 we define 
the tensor multiplication with a scalar as the standard multiplication: 
r@v=rv forre T9(V) =Randve Ty (V) =V. > 


Before moving on, there is an important operation on tensors that 
will come back later on and is worth to introducte in its generality. 


Definition 6.1.14. Let V be a vector space and fix r,s > 0. Forh <r 
and k < s, we define the (h, )-contraction of a tensor as the linear 
mapping T’(V) > T!—'(V) defined through 





V1 @++@vp @w' @+--@w* 


+> w*(up) v1 @ +++ @ vp_-1 @ Vag QU, @w' @--- @w*! @wktt... 


and then extended by linearity, thus mapping 7 +> 7 where 


~(,,1 r—1 
F(v,...,U" 7, V1, .- +, Us—1) 
fst i r-1 
Ser (Vets e€ seated! Wigeenty Cj p++ +) Wet). 
ath index kth index 


Example 6.1.15. To understand why the two equations in the defi- 
nition are equivalent it is worth looking at an example over a de- 
composable element. For simplicity, assume (r,s) = (2,3) and 
T= 1 Ovo @w! @w? @w?. Then r corresponds to a multilinear 
function 


T(v',v?, wi, w2, w3) = Vv" (v1)V? (v2) (wy )w?(we)w (ws). 


This is a so-called graded algebra since 
@:T2(V) x TH (V) > TTT (V) in 

some sense moves along the structure 

of the indices. 


@ w* 
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By definition, the (1, 2)-contraction is 


7(v', wi, we) = Te’, vv", wi, es, W2) 
= e'(v1) uv" (ve)w" (wi )w? (ez) (we) 
= e'(v1)w?(e;) v" (vg)w" (wy )w (we) 
{SS 
=w?e*(v1)=w? (v1) 


= w? (v1) v2 Q@w' @w(v", wi, we). 


% 


Example 6.1.16. For a € T}(V), the contraction tr(a) := at is called the 
trace of a and is the usual trace of the corresponding endomorphism 
A:V-YV. % 


6.2 Tensor bundles 


It is time to leave the abstract world of vector spaces and start getting 
closer to our main focus: manifolds. In the previous chapters we 
have shown that the tangent bundle and the cotangent bundle are 
families of vector spaces built over M that are dual to each other. 

We now have the tools to further extend this idea and define tensor 
bundles as families of tensor spaces build on top of the fibres of the 
tangent bundle. 


Definition 6.2.1. The (r, s)-tensor bundle over M as the bundle 





T;M = [| ({p} x T3(ZpM)) 
peM 


of tensors of type (r, s), with the projection on the first component 


mr: T?M—M. ©) 

Here pullback and differential® turn out to be life-saviours: any ° Now you see why somebody calls it 
atlas {(U;, y;)} of M can be naturally mapped to an atlas on T; M via pushtorwards: 
{(T?U;, G;)} where 

Pi TSU; > TP e(Ui) 
is defined by linearity on the fibres via Study hint: look carefully at the do- 
mains and codomains of all the maps 
Zp, cj, ®-+ @e;, ®@ eh @---@ chs) involved and make sure that you 


understand how this is defined. 


= (y(p), dypej, @--- @ dype;, @d(p*)*e" @--- @d(y-*)*e**). 


In analogy to the definition of vector fields, we can introduce 
tensor fields: these will just be local assignments of tensors to points. 


Definition 6.2.2. A section (TM) of T; M, that is, asmooth map 
tT: M — TM such that 7 or = idy,, is called a tensor field of type 
(r,s). We denote the space of tensor fields of type (r, s) by 7,’ (14) 
and define 7;))(M) := C”(M). }) 


Example 6.2.3. With the definition above we have that X(M) = 
To (M) and X*(M) = 7°(M). 0 
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Locally, we can express any tensor field in terms of the coordinate 
bases. On a chart for M with local coordinates (x’), our analysis of 
the change of basis tells us that 7 € 7,”(1/) has the form 
= hide v Q---@ mae @ dx"! @---@dz's, 


ats Oph axir 


where 7/2"2" € C®(M). 


dpds 


T 





Example 6.2.4. A non-degenerate symmetric bilinear form g € 73’(M) 
is a pseudo-Riemannian metric and the pair (M, g) a pseudo-Riemannian 








manifold’. If g is also fibre-wise positive definite, then g is a Riemannian 7 Also called semi-Riemannian 


metric and (M, g) is a Riemannian manifold. From this you see that mantiold 





the Riemannian metric is just an inner product on the tangent bun- 
dle of the manifold. 


1. The euclidean space R” is a Riemannian manifold with the usual 
scalar product, which we can represent as g = )),_, dx’ @ dz’ 
(What is its matrix form?). 

2. If M = R*, anexample of pseudo-Riemannian metric is the 

-1000 
Minkowski metric g = gi;dx' © dx! where [gi;]} = | § 39 i), The 
0001 
pseudo-Riemannian manifold (M, g) is the space-time manifold of 
special relativity, with x' = t is the time and («”, 2°, x*) = (2, y, 2) 
is the space. 


% 


Definition 6.2.5. The support of a tensor field 7 € 7,’(M) is defined 
as the set 





suppT := {pe M |r(p) #0} cM. 


We sat that 7 € 7,’(/) is compactly supported if supp 7 is a compact 
set. % 





Again in analogy with what we saw on tangent and cotangent 
bundles, we can provide a general definition of pullback and push- 
forward on tensor bundles. This will be extremely useful soon, when 
we start dealing with differential forms. 


Definition 6.2.6. Let F : M — N beasmooth map between smooth 
manifolds and let w € 7,°(N) be a (0, s)-tensor field on N. We define 
the pullback of w by F as the (0, s)-tensor field F*w € T?(M) on M 
defined for any p € M by 





Fe TN) T, (M); 
F*w|p := dFF(w|ryp)) Vpe M, 
where 


GFF (wl rp) (Vis ---) Us) = W|~@(dFpv1,.-.,dFpvs), V01,..-,Us € TM. 


% 


To be consistent with this definition, if f ¢ C°(M) = 7/’(M) and 
w € T2(N), then we define f @w := fwand F* f := foF. 
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Exercise 6.2.7. Show that the tensor pullback satisfies the following 
properties. Let F : M — NandG : N — Pbesmooth maps and 
v,w €7.(N) and f €¢ C”(N), then the following hold 


1. F*(f @w 


) = F* (fw) = (foF)F*w = (F* f)(F*w); 
2. F*(w@v) = F*w® F*p; 
j= 


3. F*(w+v) = F*wt+ F*v; 


4. (Go F)*w = F*(G*w); 
5. (idi)*w =w. 
* 


Example 6.2.8 (Change of coordinates for tensor fields). Let, as usual, 
(U, y) be a chart on M with local coordinates (z"). If {e’ : R" > R} 


are the standard euclidean coordinates® and {e;} are the standard 8 Have a look at Notation 1.2.13 if you 
don’t remember what I am talking 


. j about. Here we are using the notation 
vector fields on U c M are given by ei = r? since now we know that {e*} is 


3 just the dual basis to {e;}. 
dx’ = y*de' and or (a) ee. 


This immediately exposes the transformation laws for the change of 


basis vectors in IR”, then the coordinate 1-forms and the coordinate 





coordinates: let (U, y) be another chart on U with local coordinates 
(y’), then dy’ = *de' and sor = (1), e;. If we denote ¢ = poy! 
the transition map in R”, we get 


é 1 


= (y"")a ($7 *)abe ex 
id 

= (y"" ° b+) (bees) 

= (~")«((Ddyie;) 

= (D8) 5 5 


which may be easier to think about in terms of the following dia- 








gram 


ao € To (U) 3 (Do)} 35 
a bee 


Px wx 


we a 


e€ Ty (V) on To (W) 3 ose 
Sy’ 


=(De¢)ie; 





where V = y(U) and W = (UV). 

From this, we immediately get dy? = (D¢)/dz* and, therefore, 
da’ = (Dé~*)jdy’. % 
Exercise 6.2.9. Let F : N — M be asmooth map between smooth 
manifolds. Show that a function f € C%(M) is constant on F(N) < 
M if and only if F*df = 0. 

Hint: if you get stuck start by looking at a simple example, like N = M and 
F =idm. we 
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We can also use the pullback to construct a diffeomorphism 
between tensor bundles of the same type from a diffeomorphism 
yp: M — N between manifolds. 


Proposition 6.2.10. Let p: M — N bea diffeomorphism between smooth 


manifolds. Then y induces a diffeomorphism T? M > TEN. 


Proof. Step I. We know that the pullback induces on the fibres a 
diffeomorphism of cotangent bundles. Let p « M. We have already 
seen that on the fibres the pullback is a diffeomorphism: 


T*N—>T*M, (g,w) +> (y*w)q = (9 *(4), dp* wl y-1(q)) - 
This can be inverted giving rise to the so-called cotangent lift 
dy! := (dy)! := (y"1)* : T*M So T*N. 
For any w € TM and any v € T,,M, we have 
(dphw | App”) (p) = d(p~*)* (Wlp-r0y(p) (dp) 
> wp (dp 5») 7 dypv) 


= wp(v) = (w| v)p. 


Step II. Chaining d and dt on the appropriate components of the 
tensor, we obtain a diffeomorphism of arbitrary tensor bundles: 


dy®:---@dp@dy' @---@dy! :T™M >T'N, 
defined on the product elements as 


dp @---@dp@dy! @--- @dyl(p,11 ®---@ rv, Ow" @---@w*) 
= (p(p), dy 11 @--- @dy v, @dylw’ @--- @dylw’), 








which extends to the whole fibres by linearity. 








With this diffeomorphism at hand, we can finally generalize the 
pushforward. 


Definition 6.2.11. Let F : M — N bea diffeomorphism between 
smooth manifolds. We define pushforward of (r, s)-tensor fields by 
F as the map F;, : 7,°(M) — 7,°(N) for which the following diagram 
commutes: 





M ui > N 


| Fyt. 
(N) 





dF®:--QdF@QdF'1®:--@dFt 
@: @dF @dF'®---@ . TT(N 


Ss 





That is, for 7 € 7,"(M/) we define 


s times 
reo 
F,7 =dF®---@dF@dF'®---@dFloroF™!. 
———— 


r times 


An aid to understand this map is the 
following commuting diagram: 


: 
Tem“? T* ON 


(Pp) 
a1 | [rw 
M— 3+ N 


Example 6.2.12. Let f € 7j(M), then Fy f = fo F~'. Similarly, for 
X € Tj: (M) we have the pushforward F,,.X = dF o X o F~', inline 
with the definition of pushforward of vector fields that we gave in 
the previous chapter. An interesting, not really surprising though 
(right?), property is the following: F,.df = d(F; f). 0) 
Exercise 6.2.13. Let F: M — NandG: N — P two diffeomorphisms 
of smooth manifolds. 


1. Show that the chain rule (Go F’), = Gy o F, holds. 


2. Show that our previous definition? of pullback is a particular case 
of the following general definition of a pullback of (r, s)-tensor 


fields by F: 





FP = (F“), 2 TN) oT). 


Hint: always work on a product tensor and extend by linearity. * 


Note that thanks to this duality between pullback and pushfor- 
ward, the dual pairing is always invariant under diffeomorphisms: 


(Fw | Fev) = (w | v). (6.3) 


Can you show why? 
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9 That is, Definition 6.2.6 — which 
includes the pullback from Defini- 
tion 5.3.8. 


In general, (6.3) is not true for scalar 
products: one has to require that the 
diffeomorphism leaves the metric 
invariant, ie. gy (Fv, Fxw)o F = 
gm (v,w) where gy € T3(M) and 
gn € T9(N). You encounter this 

if you study isometries for pseudo- 
Riemannian metrics or canonical 
transformations in classical mechanics. 


i 
Differential Forms 


In the rest of the course we will focus on a particular class of tensors, 
which generalizes the differential one-forms that we studied on the 
cotangent bundle. It should not be surprising then, that these will 
be called differential k-forms and that they will be alternating (0, k)- 
tensors, that is, skew-symmetric in all arguments. 

Geometrically, they are not dissimilar from the forms you may 
have seen in multivariable calculus: a k-form takes k vectors as ar- 
guments and computes the k-dimensional volume spanned by these 
k-vectors. In this sense, they will be the key elements to define inte- 
gration over k-dimensional manifolds, in the same way as one-forms 
and line integrals. 

In addition to their role in integration, differential forms provide 
a framework for generalizing such diverse concepts from multivari- 
able calculus as the cross product, curl, divergence, and Jacobian 
determinant. 


7.1 Differential forms 


Definition 7.1.1. Let V be a real n-dimensional vector space. Let 
S; denote the symmetric group on k elements, that is, the group of 





permutations of the set {1,...,&}. Recall that for any permutation 
a € Sx, the sign of a, denoted sgn(c), is equal to +1 if o is even* and 
—lis o is odd?. 

Atensorw € T;(V),0 < k < n,iscalled alternating (or 
antisymmetric or skew-symmetric), if it changes sign whenever 





two of its arguments are interchanged, that is, for all v1,...,vn € V 
and for any permutation o € S;, it holds that 


W(Ve(1) iss , Uo(k)) =sen(a)w(v1,..., Uz). 


The subspace of alternating tensors in T?(V) is denoted3 by A¥(V) < 
T,?(V) and its elements are called exterior forms, alternating k-forms 
or just k-forms. For k = 0, we define A°(V) := T9(V) := R. ) 





Exercise 7.1.2. Show that the following are equivalent for a tensor 
we Tp(V). 


1. w is alternating; 


There is a nice book by Guillemin and 
Haines which is all on differential 
forms [GH19] and whose draft is 
freely available on the authors courses 
website. 


‘Tt can be written as a composition of 
an even number of transpositions 

? It can be written as a composition of 
an odd number of transpositions 

In particular, exchanging two argu- 
ments changes the sign of w. 


3Some authors also use A*(u*) or 
A, (V*) to denote the same space. 
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2. w is 0 whenever two of its arguments are equal, that is, w(v1,...,w,... 
3. w(v1,...,Uk) = 0 whenever the vectors (v1,..., Un) are linearly 
dependent. 
* 


7.2 The exterior product 


If you remember, we said that the determinant was an example of 

a T°(R") tensor: an antisymmetric tensor nonetheless. At the same 
time, the determinant of an x n matrix, is the signed volume of 

the parallelotope spanned by the n vectors composing the matrix. 
We also saw that tensors can be multiplied with the tensor product, 
which gives rise to a graded algebra on the free sum of tensor spaces. 
This leads naturally to the following definition. 


Definition 7.2.1. Let V be a real n-dimensional vector space. Given 
k covectors w!,...,w* € T?(V), their wedge product (or exterior 





product) w! A... A w* is defined by 


wn) + w(vp) 


(wia...aw* Vipiisg Vy) := det : ee : Vu4,.-. 


wv) +++ w¥(up) 
0 


Since the determinant changes sign when two of its columns are 
interchanged, wha... aw is alternating and thus an element of 
A*(V). Similarly, since the determinant changes sign when two of its 
columns are interchanged, it holds that, for any o € Sx, 


k 


oH) A... Aw?) =sen(owi a... aw". (7.1) 


That is, using Leibniz formula for the determinant*, we get 


wa... Awe = eS sen(a)w?) @...@w?), (7.2) 


oES;, 


According to Proposition 6.1.5 we have the basis representation 
W = Wj, BBE 


in Tp(V). It would be convenient to have a similar basis representa- 
tion only involving terms in A*(V) and wedge products. 


Proposition 7.2.2. Let V be a real n-dimensional vector space, let (e) 
denote a basis for V*. Then, for each 1 < k < n, the set of k-forms 


E= {el a--- a elk | Le gree gen 


forms a basis for the space AK(V) < T?(V) of alternating k-forms. There- 
fore, ifl<k<n 


dim A*(V) = (;) = Gear 


while ifk > n, dim A*(V) = 0. 


You can find an interesting explanation 
of the exterior product, based on 
Penrose’s book “The road to reality”, 
on a thread by @LucaAmb on Twitter. 


, UR EV. 


4 [Lee13, Equation (B.3) | 


In particular, A"(V) = A°(V) = R. 


Proof. The last point of Exercise 7.1.2 implies that there are no non- 
zero alternating k-tensors on V if k > dim V, since in that case every 
k-tuple of vectors would be dependent. For k < n we need to show 
that E spans A*(V) and its vectors are linearly independent. 

First of all, observe that by (7.1) all the wedge products e7! A... A eJ* € E 
either vanishé or are linear multiples of an element® of E. 


definition of alternating form, we have 


1 
w(€i,,---,Ci,) = A 3 sen(a)w Cae ee Cis) (7.3) 
. oES, 
Moreover, for any v1,..., vz € V we have 


w= ee. gf S Ipeney Be 


Don't forget, 1 <i <n. 


DIFFERENTIAL FORMS 


Therefore, 
w(U15 +++ 0p) =u (€(vg)eigs +56! (UK) ein) 
= e (v1) e (vz) wer, » Cy) 
. 1 
=e! (y,) +++ et (Mn) a SS sen(a) w (Care its ) 
oES;, 
1 . ; 
(7.3) = a (e @---@e* | v,... , Uk) y sgn(a) w ae eee Ci tig) 
oES 
[tora] = qi (Cis ++ Cie) S} sgn(o) (etm Qe Gee | mi, Ux) 
oES, 
(7.2) 1 ju ik 
= Fie (Cinr + Cie) (C A+++ AeF* | Uy, ..., UK) 
n—k+1 n—k+2 n 


dedup. — >, b> = 3 W (C54, +++, €5,) (72 A+++ A CFF U1,.+- 


i=l jo=jitl Jke=jJr—-1t1 





That is, 
n—k+1 n—k+2 n 
w= 5 = ee y Wyong Ave NE, 
A=1 jo=jitl Jk=Jr-1t1 
where wy, ,....j, = W (e;,,---,€;,),in analogy with Proposition 6.1.5. 














Remark 7.2.3. There are multiple alternative definitions of the wedge 
product, which are equivalent up to a multiplicative factor. Be care- 
ful when you consult the literature to check the conventions used. 
The convention that we are using here is usually called the deter- 
minant convention and is usually the most convenient for computa- 
tions. The name stems from the fact that if (e’) denotes the standard 


basis for (R”)*, then for some vectors v1,..., Un € R”, 
det( v1 +++ un) =et A+++ A e™(U1,...,Un): 
eee 


nm X n matrix with 
v4 as columns 
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5 When two indices are repeated, i.e., a 
Let now {e;} denote the basis for V dual to {e’} and w € A*. By Dasa Venton PR eam Hee 

® The exterior product with the indices 
in the same set but in increasing order 
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As you could see from the previous proof, Einstein notation can 
help but only to a certain extent. There is an extra bit of notation, 
also common in higher-dimensional analysis, that can be often con- 
venient when working with many indices. 


Notation 7.2.4. Given a positive integer k, an ordered” k-tuple J = 7 That is, 1 <1 <-++< ip <n. 
(i1,...,%,) of positive integers is called multi-index of length k. If I is 





such a multi-index and o € S;, is a permutation of {1,...,k}, then we 
denote I, := (ig(1),---s40(x)). Defining e! := e" a--- a e'*, we finally 
get the more compact notation w = we’. » 

In general, the tensor product w ® v € T?,,,(V) of alternating 
forms w € A* and € A” is not an alternating form. The following 
proposition gives us a tool to define an exterior product of alternat- 
ing forms. 


Proposition 7.2.5. Let Alt, : T2(V) > A*(V) be the map® defined by 8 Often call alternation map or antisym- 
metrization 


1 
(Alt; 7)(v1,...5 Un) = A = sen(a)T(V¢(1))+++1Vo(k))s Vu1,-.-,UR EV. 
“ oES, 
Then Alt;, is a linear projection? and the following holds: for all w+,...,w* € — °Thatis, Alt, o Alt, = Alt, 
TH(V), 
wear Awe = k! Alt; (w? @ ---@w*). 


Proof. Linearity is there by construction, we need to check that Alt; 
is a projection. This follows from a direct computation of its idempo- 


tence: 
1 
(Alt, Alte. 7)(v1, +++, 6) = gy Dd) sen(o) sgn(o")r (Ueroo(1)s +++» Yoroa(1)) 
ee o,0'ES, 
~_ os 1 
Faa'oo = = DT sen(n)r (Yaa), +s M92) 
one Sr 
1 
=a > sgn(7)T (Una) Yn(1)) 
nESk 


= (Alt, 7)(v1,..-, Ux), 


where we used the fact that 7 runs over all S;,, as o does. Then the 
result follows from (7.2). 














As we were saying, now we can take the tensor product of two 
forms w @ v and use the antisymmetrisation Alt; , to to project it 
onto the antisymmetric subspace A*t” of Tp, (V). 


Definition 7.2.6 (Wedge product of alternating forms). We can 
extend the wedge product (or exterior product) to alternating forms 
by defining, for any k,h € N, 


A: AF(V) x AP(V) > ART (V) 
(k+h)! 
kin! 


(wv) PwWAVI= 


Altk+n (w ® Vv). 


DIFFERENTIAL FORMS 


Example 7.2.7. The wedge product of two 1-forms w and v is 


wAv=2Alte(w@v) = 25 (w@v— Vy@w). 
% 
Exercise 7.2.8. 1. Compute the wedge product of three 1-forms. 
2. Compute the wedge product of a 1-form and a 2-form. 
we 


Proposition 7.2.9. The wedge product has the following properties. 
1. (associative) (wt A w?) Aw? = wt a (w? A w) forwt € A*(V), 
(al res 


2. (distributive) (wi +w?) aw? = wi raw? tw? aw for w!,w? © AR(V) 
and w* € A’(V); 

3. (distributive) wt A (w? + w) = wt aw? +w! aw for wt € AR(V) 
and w,w € AP(V); 


4. wh Aw? = (-1)"*w? a w? for wt € A*(V) and w? € A’(V). 
Exercise 7.2.10. Prove the proposition. 
Hint: keep in mind the tricks used in the proof of the previous propositions. Ww 


Exercise 7.2.11. Let V be a real n-dimensional vector space. Prove 
that if an n-form w vanishes on a basis e1,...,€, for V, then w is the 
zero n-form on V. * 


Remark 7.2.12. As for tensors, if we define the 2”-dimensional vector 
space 


AV) = @ AMV), 
k=0 


then the wedge product turns it into an associative, anticommuta- 
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tive’ graded algebra, called exterior algebra of V. 0) ” A graded algebra is anticommutative 
is the product satisfies a relation of the 
form uw = (—1)*" vu, where u and v 

7.3 The interior product are in the spaces of the gradation with 


indicex k and h respectively. 
There is an extremely important operation that relates vectors with 


alternating tensors. 


Definition 7.3.1. Let V be a real n-dimensional vector space. For 
each v € V, the interior product by v is a contraction of a k-form by v, 





that is, the linear map ly : Ak (V) > Ak-1 (V) defined** by « Another common notation for the 


same operation is v I w. 


lyw(W1,-.-,We-1) = W(U, W1,.--,We-1)  Vwi,...,We-1 € Vz 


In other words, t,w is obtained from w by inserting v into “the 
first slot”. By convention 1,w = Oif we A°(V). 


Lemma 7.3.2. Let V be a real n-dimensional vector space and v € V. Then 
the following hold. 
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1. ly Oly = Oand ty 0 by = by O by; 
2. ifwe AK(V) andne A*(V), 
tala An) = (toi) A+ (—1)Fw A (008). 


Exercise 7.3.3. Prove the Lemma. * 


7.4 Differential forms on manifolds 


It is time to turn our attention back to smooth manifolds. Let M be 
a n-dimensional smooth manifold, recall that we had defined the 
tensor fields 7,” (1) as the sections of (r, s)-tensor bundles T7 M 
over M. The subset of T?(/) consisting of alternating k-tensors is 
denoted by A*M := L],<,,{p} x A*(T)M). 


Definition 7.4.1. The sections of A® M are called differential k-forms, 





or just k-forms: these are smooth tensor fields whose values at each 
point are alternating tensors. The integer k is called the degree of the 
k-form. 

We denote the vector space of smooth k-forms by 


OF(M) =T(AFM). 


The wedge product , : *(M) x 0"(M) > 0**"(M) of differential 
forms is defined pointwise as (w A v),, = Wp A Up. © 


Example 7.4.2. 1. A 0-form is just a function f ¢ C®(M) and 1-forms 
are just the covector fields w € T/?(M) = ¥*(M) on M. 


2. Let M = R®, then both cos(xy)dy dz and dx ~ dy — ydx a dz + 
e” /(x? + y* + 1)dz ” dy are examples of smooth 2-forms. 


3. Every 3-form in R® is a continuous real-valued function times 


dx A dy a dz. 
% 
Remark 7.4.3. If we define 
ar(M) = Gow, 
k=0 
then the wedge product turns (2* (/) into an associative, anticom- 
mutative graded algebra. 0) 


The following theorem gives a computational rule for pullbacks 
of differential forms similar to the ones we developed for covector 
fields and arbitrary tensor fields earlier. In fact, it is a direct conse- 
quence of our previous observations. 


Theorem 7.4.4. Let F : M — N beasmooth map between smooth 
manifolds. Let w € Q*(N) and v € Q"(N). Then, 


F*¥(w Av) = F*w a F*p, 
and, if (x') denote some local coordinates on U < N, locally 
jn OF d(x) 0 F) A+++ A d(x3* 0 F). 


Ee (wsda”) = (Wi, 


Exercise 7.4.5. Prove the theorem. * 


Example 7.4.6. Let F : R? — R? be defined by F(u,v) = (u,v, u — v?) 
and let w = ydz a dx + zdx \ dy on R3. We can apply the previous 
theorem to compute F*w: 


F*w = vd(u— v) a d(u?) + (u— v?)d(u?) a du 
= u(du — 2vdv) A (2udu) + (u — v?)(2udu) a dv 
= —4uv*du 0 du + 2u(u— v?)du a dv 
= 2u(u + 3v7)du a dv, 


where we used that du A du = 0 and du a dv = —dv a du. © 


Of course, the same technique can also be used to compute the 
expression for a differential form in another smooth chart. 


Example 7.4.7. Let w = dx dy on R?. Consider the polar coordinates 
(2, y) > (pcos(@), psin(@)), then 
dx ~ dy = d(pcos@) ~ d(psin 6) 
= (cos dp — psin 6d0) A (sin @dp + pcos 0d0) 
= pdp a dé. 
I am very confident that it is not the first time that you see the 
equation above... 0) 
Exercise 7.4.8. Let (x’) and (y’) are two different local coordinates on 


some open V c M. Show that the following identity holds: 


1 n oy! 1 n 
dy A+++ A dy” = det Sat da A+++ A daz”. 


* 


The previous exercise is a particular case of the following state- 
ment. 


Proposition 7.4.9. Let F : M — N beasmooth map between n- 
manifolds. Let (a) and (y’) denote, respectively, smooth coordinates on 
open subsets U © MandV C N. Let u be a continuous real-valued 
function on V. Then, on U ~ F~'(V), the following holds: 


F*(wdy' a +++ a dy") = (wo F)(det DF)dz' a +--+ a dx”, 
where DF represents the Jacobian matrix of F in these coordinates. 


Exercise 7.4.10. Prove the Proposition 7.4.9. 
Hint: look at Theorem 7.4.4. * 


Exercise 7.4.11. Let f : R? + R® be defined by 

f(x,y) = (2?,y?, zy). 
Compute the pullback f*w where w is the form: 
1. w = ydy + 2dz; 


2. w= ady A dz; 


DIFFERENTIAL FORMS 
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3. w=dzn dy a dz. 
* 


Of course, also the interior product extends naturally to vector 
fields and differential forms, simply by letting it act pointwise: if 
X € X(M) andw € Q*(M), then the k — 1-formixw = X 1 wis 
defined by (X 1w), = Xp + Wy. 

Exercise 7.4.12. Let X € X(M). Prove the following statements. 


1. If wis asmooth differential form, then vw is smooth. 


2. The map vx : 2*(M) > Q*-!(M) is linear over C?(M). 


7.5 Exterior derivative 


We already saw in the previous chapters that the differential of a 
function f €¢ 2°(M) can be thought as a 1-form df € 1(M). We 
are finally ready to generalise the concept toa map d : 0*(M) > 
0*+1(M). You have already seen most of this in the context of multi- 
variable analysis, however it is good to repeat it to set the notational 
conventions. 


Definition 7.5.1. Let w ¢ 2*(U) for some open subset U < R” and let 
(e’) denote the standard basis for (R”)*. If 


w=wydel, wre C°(U), 


then its exterior deriative dw € Q**1(U) is defined by 





esse a a a 
dw := dw; \ de’ = » dw, ,...,i, A de’? A+++ A de®, 


1<i, <-+-<ipsn 


where dw is the differential of the function w. ©) 





Example 7.5.2. For a smooth 0-form’? f, we have that df = 2£dz’. If 


Ox? 
wis a 1-form, this instead becomes 


d(wjdax?) = Oi ant A dad 
Ox 





_ Vl 065 i j OW5 ani j 
= 150% A dx ol Agi A dx 








V<Jj w>J 
a Ss ae — as da’ a dx 
NOE 0s , 
i<j 
consistently with our previous definitions. % 


Definition 7.5.3. Let now M bea smooth n-manifold and w ¢ 
OQ*(M). Let (U,y) denote a chart on U < M with local coordi- 
nates (x’). Then, the exterior derivative is defined locally as dw|y := 





p*d(psw), that is, for 
wily =wydx?, wre C°(M), 


we define 
dw|y := dw; a dz’. (7.4) 


The same exact definition holds with 
R” replaced by H”. 


» A real valued function 


This local definition immediately extends to global one via the 
following theorem. 


Theorem 7.5.4. Let M be a smooth n-manifold, (U,y) a chart on U < M 
and F : M — N adiffeomorphism between smooth manifolds. Then, for 
we O(N), we have F* (dw|pqyy) = dF*w|v. 


Proof. Let (a*) denote the local coordinates of y and let (U, 3) := 
(F(U), yp 0 F—') be the corresponding chart on F(U) < N with local 
coordinates (y’) on N. Locally, w = w;dy’, thus we get 


F*wly =d » (wy o F)F* (dy) A+++ A rw) 


T=(i1y.-;¢n) 


-«( >» roy oF) 9nd) 


T=(i1,..sin) 


-»( » roids nena) 


= y d(wyo F) A da a-+++ 0 da 


I 
y 
* 
x 
€ 
~~ 
~~ 
> 
Q 
Fae, | 
<, 
ie) 
y 
~~ 


A+++ A d(y’* 0 F) 


= \ F*d(wr) a F* (dy) 00+ 0 F*(dy"*) 


where we repeatedly applied Proposition 7.4.4 and Exercise 5.3.9 to 








swap pushforwards and differentials. 








Corollary 7.5.5. Let M be a smooth n-manifold and (U;, pi), 4 = 1,2, 
two charts on M. Then, for w € Q*(M), the following holds 


OF (d(Y1aW)p,(UinU2)) = 2 (d(P2%4) y2(UinU2)) - 
Therefore, the exterior derivative dw € Q'*+!(M) is uniquely defined by the 
local definition (7.4). 
Proof. Follows from Theorem 7.5.4 applied with F = 910 v5 
p2(U) > vi(U), where U = U; 1 U2. Indeed, since by the chain rule 
F* = (p)*)* pt = Yax(y7 |), we have 
9F (d(y1a%)p,v)) = 3 (92')* tT (dre) 0.) 
= 92 F* (d(p1x)o,(v)) 
= 93 (d (F* Y14W) p0(U) ) 
= 93 (d(p2x)y.(v)) - 














Exercise 7.5.6. Let F : M — N beasmooth map between smooth 
manifolds and w € Q*(N), then 


F* (dw) = d(F*w). 


DIFFERENTIAL FORMS 
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Lemma 7.5.7. The exterior derivative satisfies the following properties. 
For all w,w1,we € O*(M), ve O(M) and f € C°(M), 


(i 


) d(wy + we) = dw, + dw; 
(ii) d(fw) =df nw+ fdu; 
) dC 


(iii) d(w a v) = dw av + (-1)'w a dv; 


(iv) d(dw) =0. 


Proof. The first two properties immediately follow from the defini- 
tion. Property (iii) follows observing that to compare the two sides 
of the equation, one needs to keep commuting the exterior deriva- 
tives of coefficients of v through the k-form w. 

The final property follows from the commutativity of the partial 
derivatives. Indeed, locally on a chart on U c M with coordinates 
(x’), one has 

2 
et dx® » dx? » dx! 

02wy O?wy 
Oxkoxi =x Ox* 


d(dw|y) = 








= ) dx® ~ dx} n dx! 
j<k 
0 














Exercise 7.5.8. Compute the exterior derivatives of the following 
differential forms on R?: 


1. ady A dz; 
2. «dy — ydz; 
3. e ‘df where f = 27 +y? + 27; 
4. adx + ydy + zdz; 
5. ady a dz — ydax a dz + zdx a dy. 
w 


Exercise 7.5.9. Solve the equation dv = w for v € 21(R?) where w is 
the 2-form: 


1. dy A dz; 

2. ydy A dz; 

3. c2+y? dx a dy; 
4. cos(x) dx A dz. 


¢ 


Let N < Masubmanifold andi : N — M the corresponding 
inclusion. For w ¢ 0*(M), we call i*w € 0*(N) the restriction of 
w to N. Exercise 7.5.6, then, implies that restriction and exterior 
derivative commute, that is, i*dw = d(i*w). 


DIFFERENTIAL FORMS 


Example 7.5.10 (Exterior derivatives and vector calculus in R?). Let 
M =R?. Any smooth 1-form w € 01(R?) can be written as 


w = Pdx + Qdy + Rdz 


for some smooth functions P,Q, R ¢ C%(R*). Using the properties 
of wedge product, we can compute its exterior derivative and get the 








two form 
oP oP oP 
dw = (Fars oe =e) A dx 
oQ eQ eQ 
+ (Sac ae ae) A dy 


OR OR OR 
+ (Rac + ial mie) A dz 


A a 
= aes dx A dy + ay ee da A dz+ ae dy “A dz. 
Oz ~=oy x z y Oz 











Similarly, an arbitrary 2-form 7 € 9?(IR*) can be written as 
1 = udz a dy+vda a dz+wdy a dz, 


and one can check (do it!) 


(S-4S) ae nay nae 
If you compare the results we obtained above with the gradient (V), 
divergence (V-) and curl (Vx) from multivariable analysis, you 
would likely notice that the components of the 2-form dw are exactly 
the components of the curl of the vector field with components 
(P,Q, R). Similarly, the formula for the divergence will look very 
close to the formula for dn. What is going on? 
The standard euclidean metric on Ik” is the metric associated to 
the metric tensor'3 g;; = 6;;. We can use the musical isomorphisms'4 8 Cf. Definition 6.1.8. 
to identify vector fields and 1-forms, obtaining for the components Tet Example 
with respect to cartesian coordinates that v; = vu’. 
Moreover, the interior multiplication yields another map / : 
(IR?) > 0?(R*) defined by B(X) = ex (dx a dy A dz), which is linear 
over C”(R?) (why?) and, thus, corresponds to a smooth bundle 
homomorphism from TR? to A?R® (why?). 
In a similar fashion, we can also define a smooth bundle isomor- 
phism * : C%(R?) > 03(R®) via 


*(f) = fda a dy a dz. 


We can use the exterior derivatives to observe that the following 


diagram commutes 


C™(R3) —Y 5 x(R3) “% x(r3) “4 0% (R3) 


ie [ |p |» @s) 


°(R3) —£4 01(R3) —24 02(R3) —2+ 03(R3) 
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The interest and need to generalize the operations of vector calcu- 
lus in R® to higher dimensional spaces have been one of the drives to 
develop the theory of differential forms. 

This is a more general fact related to 3 dimensional manifolds 
with a Riemannian metric M. Then the maps defined above are still 
defined in the same exact way” up to using the correct isomorphism 
induced by g and one obtains the following commutative diagram. 


SS 


OM) <= 0(M) 


i] |. 


00M) + 25(M) 


x(M) 


Walking the diagram”, one can directly generalize V, V-, V x and 
the Laplacian A to 3-manifolds: 


grad := {d:0°(M) > X(M); 


e div := «d*b:X(M) > 0°(M); 


A := div grad = «d+ d:9°(M) > 9°(M); 
e curl :=t*db:X(M) > X(M); 


where symbols’ juxtaposition means their composition. Since # and 

b are defined in terms of g, it becaomes clear that all those operators 
are tightly related to the metric. There could be a lot more to say, 

but that will be more suite for a course in Riemannian geometry. A 
comprehensive free resource on the subject is [KSMg3]. % 


Exercise 7.5.11. Show that the diagram (7.5) commutes; for example, 


_ of 
~ Oat 





df = (VfJidx' = (Vf). 

Use the diagram to give a quick proof that (Vx) o V = Oand that 
(V-) o (Vx) = 0 (physically this last identity implies that magnetic 
fields are divergence free). * 
Exercise 7.5.12. Let V a vector space of dimension k. A symplectic 
form on V is an element w € A?(V) which is non-degenerate in the 
sense that 4,(w) = Oif and only ifv = 0. Cf. Definition 6.1.8. A 
symplectic manifold is a smooth manifold M equipped with a closed 





differential 2-form w such tht w, is a symplectic form on T,M for 
every ge M. 


1. Prove that if a symplectic form exists, then k = 2n for some n € N, 
i.e., it must be an even number. 


2. Let M be a smooth manifold. Define a 1-form 7 € '(T*M) on 
the cotangent bundle of MM as 


Nap) = 4 (yp)P: 9M, pe TM, 


*5 There is a more general operator 

* : OF(M) — Q"-*(M) appearing 
here. This is called Hodge star and 

is defined as the operator such that 

TA xo = gt(T,7)w, where w := *1 is 
the Riemannian volume and g! is the 
inner product induced by g on covector 
fields via the musical isomorphism 
between tangent and cotangent bundle. 
See [Lee13, Exercise 16-18] or [AMRo4, 
Chapters 6.2-6.5]. 


* For a visual presentation of this 
material, refer to the beautiful youtube 
video There is only one derivative: the 
exterior derivative by G. Bracchi. 
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where x : T*M — M is the projection to the base. Show that 
w := dd is a symplectic form on T* M, that is, every cotangent 
bundle is a symplectic manifold. 


3. Show that for all ve 01(M), v*A =v. 


For example, w = Sy, a’ A a’*” € 0?(R?”") is a symplectic form 
and plays a central role in classical mechanics. There, one usually 
calls (a"*',...,a°") the position coordinates and (a',...,a”) the 
momentum coordinates. 








4. Show that for n = 2,w Aw =—2a! vna*® na a at. 


5. Generalize the previous computation to show that 


2n ie me 
: —1)(2) iG) 
ak Sih een Ee: 
i nt) —~— n! 
n times 


7.6 Lie derivative 


Definition 7.6.1. The Lie derivative of a differentiable function 
f : M — Ronasmooth manifold & in the direction of a vector field 
X : M —> TM is the real function defined by 


Lx f = df(X). 
, 


From the look of it, this seems just an alternative way to define the 
directional derivative. However, its power lies in the fact that we can 
extend it to k-forms with important consequences, one of which will 
be very useful in the next section. 


Definition 7.6.2 (Cartan’s Magic Formula). Let 1 be a smooth 
n-manifold and X € X(M). Forw € 2*(M), we define the Lie 
derivative of w with respect to X as the k-form 


Lxw := tx (dw) + d(txw). (7.6) 


y) 


Since the exterior derivative raises the degree of the form and the 
interior product decreases it, the net effect of the formula above, is 
indeed, the production of a k-form, so Lxw € Q*(M). 


Exercise 7.6.3. Show that on functions the definition from (7.6) coin- 
cide with the one that we gave at the beginning of this section. « 


Exercise 7.6.4. Show that the Lie derivative is a derivation in the 
algebra * (1M) of differential forms, that is, for w, v € 2* (M/) one has 


Lx(wav)=(Lxw)Av+wa (Lxv). 
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It is possible to define the Lie derivative in a different way, in 
terms of the derivative of the pullback of w along the flow of X. 
Then the definition that we gave above becomes a theorem, which is 
where the denotation Cartan’s Magic Formula comes from. 





Of course, we can recover the alternative definition as a theorem. 
Even though it is a bit impractical for computational purposes, flows 
are hard to compute, it gives a nice geometric interpretation of the 
Lie derivative: it describes the change of the differential form w 
along the flow generated by the vector field X. 


Theorem 7.6.5. Let M bea smooth n-manifold, X € X(M) complete’7 
and (p; its flow. Then, for all w € Q* (M), one has 


d 
ee”) = ppl xw. 


Proof. Strep I. Thanks to the group properties of the flow, it is 
enough to prove it for t = 0. Indeed, 





Step II. We start with f ¢ 2°(M) = C%(M). In local coordinates 
(x*), we have 
d # tn) — Ven J Aette)) — £@) 
di get f(z) = lim t 
=) x(x) 


= df(X)(@) = £x f(x). 








Step IIT. Let w = dz’ € 0'(M), then 











“(vtda')|_ = (aete')| 
=a F(t") 
= dX’. 
On the other hand, 
Lx (dx*) = tx (ddz*) + d(txdz’) 
= d(uxdz') 
= dX’. 


Step IV. The statement follows from Theorem 7.4.4 and Exer- 














cise 7.6.4 since every k-form can be locally written as w = w dz’. 


Remark 7.6.6. The Lie derivative can be extended to any tensor bun- 
dle T? (MM) with the following definition. This T € 7,°(14), for any 
peM 


d 
(Lal le = ai 


? 





ag (PE )*F) p 


7 This is here to avoid having to think 
about domains of existence. The result 
holds also without this extra hypotesis. 
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where as usual 7 denotes the maximal integral curve’® for X with 8 Remember, this is a diffeomorphims 
from a neighbourhood of p onto a 


initial point p. 
P = neighbourhood of ¢¥* (p). 


In general, for 7 € 7,5(M) and o € 7," , the Lie derivative satisfies 
Lx(7@o) = (LxT)@c+7T@Lx(o), 
and commutes with contractions. Incidentally, it also satisfies 
LxY = [X,Y], 


and so it can be considered as a generalization of the Lie brackets. 
One nice little perk of the general definition, is that it makes it 
relatively straightforward to show that 


L£x(w(¥)) = (Lxw)(Y) + w([X,¥]), 


which is often very useful in computations. 

One can think to the Lie derivative as a mean to “differentiate” 
a tensor field (or a differential form) with respect to a vector field. 
Note that it does not allow us differentiate a tensor field (or a dif- 
ferential form) with respect to a single tangent vector: the value of 
£x(T) at a point depends on the values of X in a neighbourhood of 
the point, not just on the germ at X. .) 


7.7 De Rham cohomology and Poincaré lemma 


Definition 7.7.1. We say that a smooth differential form w € Q*(M) 
is closed if dw = 0, and exact if there exists a smooth (k — 1)-form 7 
on M such that w = dn. 

The fact that do d = 0 implies that every exact form is closed. 0 





The following example shows that not all closed forms are exact. 
However, it turns out that closed forms are always locally exact but 
not necessarily globally, so the question of whether a given closed 
form is exact depends on global properties of the manifold. This 
is the statement of the so-called Poincaré lemma. We are going to 
prove it in two slightly different flavours: its classical version and a 
slight generalization. 


Exercise 7.7.2. Let M = R?\{0}, {x, y} denote the standard euclidean 
coordinates in R? and w be the one-form on M from Example 5.4.2 
given by 

ady — ydz 


1. Show that w is closed. 


2. Show that w is not exact. 
Hint: compare Exercise 5.4.3.3 and Example 5.4.2. 


Definition 7.7.3. We define kth de Rham cohomology group the 





quotient vector space defined by 


__ {closed k-forms on M} 
{exact k-forms on M} * 





H*.(M) : 
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We will denote the elements of H§,(M) by [w], where w is a closed 
k-form. Thus, by definition, [w + d6] = [w]. ©) 


We will use only elementary facts about de Rham theory in the 
course, but they play an important role in algebraic topology and 
mechanics. The de Rham groups, for example, turn out to be topo- 
logical invariants. 

The following is a direct consequence of Exercise 7.5.6. 


Corollary 7.7.4. If F : M — N isa smooth map, then F* induces a well- 
defined map F* : H'.(N) > H§,.(M) (denoted with the same symbol) via 
ly] > [F*a). 


Without further ado, let’s look at a first version of Poincaré lemma 
on manifolds. As for all the local concepts we have seen so far, the 
proof will reduce the problem to a euclidean statement to which we 
will apply the Poincaré lemma that you have seen in multivariable 
calculus. 


Theorem 7.7.5. Let M be a smooth manifold and w € Q*(M) closed, 
that is, dw = 0. Let U < M be open and diffeomorphic to a star-shaped 
domain’? of R". Then, there exists v € Q*—1(U) such that w|y = dv. 


Proof. Lety : U — V c R” bea diffeomorphism between U and 
the star-shaped domain V < Rk”. Then& := y,w is a closed k- 
form on V and, according to the Poincaré lemma on R”, there exists 
vy € OF-1(V) such that & = dd. 














To generalise this result further, we need to have a deeper look 
into de Rham theory. 


Definition 7.7.6. Two continuous maps ho, h, : X — Y between 

topological spaces are said to be homotopic if there exists a continu- 

ous map K : [0,1] x X — Y such that K(0,-) = Ao and K(1,-) = Ai. 
Two topological spaces X and Y are homotopy equivalent if there 





exists continuous maps f : X — Y and g: Y — X such that fog and 
g © f are homotopic to the respective identity maps. 0) 


A crucial observation for our means is the homotopy invariance of 





the de Rham cohomology, which is a scary sounding property which 
is formalised by the following statement. 


Theorem 7.7.7. Let M be a smooth manifold and [0,1] x M the product 
manifold with boundary ({0} x M) vu ({1} x M) u ((0,1) x 0M). Let 
i, : M — [0,1] x M be the injection i,(p) := (t,p) and m : (0, 1]x M > M 
the projection onto M. Then, there is a map 
K :0*((0,1] x M) = 9°1(M) 
such that for every differential ¢-form w € Q*([0, 1] x M) one has 
K (dw) + d(K(w)) = tt (w) — a9 (w) 


as elements of 0°(M). Furthermore, the induced maps on the de Rham 
cohomology 
i, tf + Hap ((0, 1] x M) > Hgg(M) 


coincide. 


Cf. Lemma 2.3.15. 
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Proof. Sayng that i = 77 on the cohomology, means that for any 

[w] € H4&,([0, 1] x M), their difference if [w] — i% [w] = [itw — ifw] =0, 
is in the 0 class, that is, for any closed w the difference ifw — iw is 
exact. 

If we apply the Fundamental Theorem of Calculus to iw as a 
function of t, we obtain iw — ijw = § £ (ifw)dt, where £ is the 
vector field on [0, 1] x 14 corresponding to the standard basis element 
of [0, 1]. The trouble, now, is that we don’t really know what this 
integral is, and we need to show that on closed forms it produces an 
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exact one. 
Let T := £ as vector field on [0,1] x M. We are going to show 
that, for w € 0°([0, 1] x M), the map K is?° 2° Note that for any p € M, 
1 ; * 
KW)p =| Fre at 
K(w) =| i# (ur(w))dt. ae eae 
0 where the integrand should be thought 
; ; ; ; function of t on the vect 
By choosing local coordinates on M, we see that the integral is defin- At-1(Ty M). ae ae ee . 
ing a smooth (¢ — 1)-form on M. In fact, to compute d(A (w)) we can common integral, not an integral ona 
pick some local coordinates (x') and express K (w) as a sum of terms manele 
of the form : 
(| fi(t, v)dt) da’. 
0 
Applying the exterior derivative and differentiating under the inte- 
gral sign?" we get + Also known as Leibniz integral rule 
and Feynman’s trick. 


6 1 ; 1 Ofr ; 
Auf (| fu(t.2)at) dx) ~ da! = ( (,2)at) dx) » da. 
0 0 


Oxd 


That can be reassembled back to prove that the differential com- 
mutes with our integral: 


d{K(w)) = [ d(é (ur (w)))dt. 


Then, it follows from Cartan’s Magic Formula and Exercise 7.5.6 that 


K (dw) + d(K(w)) = ii (i (ur (dus) + d(éE (erw))) at 





_ | (i# (ur (dw) + i (d(urw))) dt 
= [ if (Lrw)dt. 


Let y; now denote the flow of T, then y;(s,p) = (t + s,p) and thus 
4 = Y4 0 tp. By Theorem 7.6.5 we can compute the integrand as 
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Thus, by the classical Fundamental Theorem of Calculus we get 


K( do) + a(K(w)) = | Fit w)dt = Fw) — GW), 


proving the first part of the theorem. 
To conclude the proof, take a closed ¢-form on (0, 1] x M, then 


#7 ([w]) — a9 ([w]) = [K (dw) + di (w)] = [dK (w)] = 0, 














completing the proof. 


Remark 7.7.8. An alternative way to construct the function K, per- 
haps sligtly less explicit but that may give more clarity to some of 
the statements, is the following. Re-using the notations form the 
proof above, then Theorem 7.6.5 and Cartan’s Magic formula imply 


d 
eras w) = pp Lrw 
= oF (urdw) + dpF (urw) 
= K,(dw) + dK,(w), 
where we defined 


Ki(v) := vf (rv), ve 2((0,1] x M). 


The fundamental theorem of calculus then implies 


al 


gw — piu = | F(etw)at 


0 


K(v) := [ K,(v)dt, ve *((0,1] x M). 


22 


The fact that y; o i9 = i, and the computation above then imply 
ipw — igw = 19 (piw — vow) 
= it (K (dw) “ dk (w)) 
= K(dw) — dK(w) 


~ 


with K(v) := 7} K(v). ?) 


An important consequence of Theorem 7.7.7 is the following 
theorem. 


Theorem 7.7.9. Let M and N two smooth manifolds and suppose F,G : 
M — N are two homotopic smooth maps. Then, the induced maps F* and 
G* on the de Rham cohomology groups are the same. 


72 As shown using the coordinate 
representation at the beginning of our 
previous proof, K(v) € 2¢-1(M) and 
the exterior derivative does not interact 
with the integral on [0, 1]. 


Proof. Since F and G' are homotopic, there is a continuous map 
K : [0,1] x M — Nsuch that K(0,-) = F and K(1,-) = G. If we 
could assume K to be smooth, the theorem would follow from 


F* = (K 0%9)* = ij o K* = ifo k* = (K 0%,)* = G*. 
In fact this is the case, thanks to the following theorem?3. 


Theorem 7.7.10 (Whitney Approximation Theorem for continuous 
maps). Given any continuous mapping G € C°(M, N), there exists 

F € C®(M, N) which is homotopic to G. Moreover, if G is smooth?4 on a 
closed subset A < M, then one can choose F so that F = Gon A. 


In particular, if two smooth maps are homotopic then they are 
also smoothly homotopic: we can assume the map K to be smooth. 

To see this, continously extend K toa mapping K : Rx M > N 
by defining 


~ 


K(t,p) = K(0,p)ift <0, and K(t,p) = K(1,p)ift>1. 
Then K € C°(R x M, N) and smooth on the closed subsets?5 {0} x M 
and {1} x M. By Whitney Approximation Theorem for continuous 
maps, there exists K : R x M — M smooth and homotopic to K (but 
we don't really care here) such that K = K on {0} x Mand {1} x M, 
that is, K(0,-) = K(0,-) = Fand K(1,-) = K(1,-) = G. Thatis, K is 
the smooth homotopy we were looking for. 














Corollary 7.7.11. Let M and N be smooth manifolds that are homotopy 
equivalent. Then M and N have isomorphic de Rham cohomology groups. 


Proof. Let F : M — NandG: N — M be continuous maps such 
that F o Gand G o F are homotopic to the identity maps. By the 
Whitney Approximation Theorem 7.7.10 we can approximate F’ and 
G by smooth maps that we keep denoting with the same symbols. 
By the previous theorem, then, (F'o G)* and (Go F’)* coincide with 
the maps induced by the identity. Since id* is clearly the identity, we 














see that F™ is an inverse to G*, which concludes the proof. 


We are almost there. 
Definition 7.7.12. A topological space is said to be contractible if it 


is homotopy equivalent to a point, that is, there exists pp « M anda 


26 


continuous*” map 


K:/0,1)xM—>M with K(0,-) =idy and K(1,-) = po. 


Corollary 7.7.13. Let M be contractible, then H®,(M) = 0 for all k > 1. 


Proof. The statement is clear?” if M/ is equal to a point. The rest 











follows applying Corollary 7.7.11. 
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3 This is a deep result related to the 
Whitney Embedding Theorem from 
Remark 2.8.17 and is out of the scope 

of our course, for more details refer 

to [Lee13, Chapter 6 and Theorems 6.26 
and 9.27]. 


74 Note that a function f : M > N 
is defined to be smooth on a subset 
A c M if there is some smooth 
function g : U — N, defined on an 
open U > Asuch that g = f on A. 


5 By the definiton in the margin note 
above, in our case it is only required 
that 9(0,p) = f(0,p) for allp € M 
but nothing is required on f ina open 
neighbourhood of {0} x M! 


26 Tn fact, we now know that we can 
assume it is smooth. 


The map K continuously “contracts” 
M into asingle point po €« M. 


Note that this means that for con- 
tractible manifolds, the space of close 
and exact k-forms coincide for all 
k>1. 


7 What is dim(/) in this case? What 
kinds of differential forms can we 
define? 
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Exercise 7.7.14. Let M be a smooth manifold. Define the following 
spaces 


Z*(M) := ker(d: 0*(M) > 0**!(M)) = {closed k-forms on M}, 
B*(M) :=im(d: 0'—1(M) > 0*(M)) = {exact k-forms on M}. 
Then 
Hi,(M) = Z*(M)/B*(M). 
Reasoning on the structure of those spaces, prove the following 


statements: 


1. H$,(M) = R° where C denotes the number of connected compo- 
nents of MV; 


2. if M is n-dimensional, then H*, = {0} for all k > n. 


* 


Exercise 7.7.15. Prove that H9,,(R") = Rand H*,,(R") = {0} for all 
k> 1. * 


Remark 7.7.16. De Rham cohomology is defined in terms of spaces of 
differential forms and, as such, seems a priori deeply tied to the dif- 
ferential structure. However, the corollary that we just proved is all 
about topology and in particular tells us that de Rham cohomology 
cannot see the smooth structure on a topological manifold. There 

is more, de Rham’s theorem [Lee13, Theorem 18.14] states that the 





de Rahm cohomology group is isomorphic to the so-called singular 
cohomology, a purely topological concept. 

On the face of it, we might start thinking that the de Rham co- 
homology is a far too coarse invariant to be useful: following the 
previous exercise, one might be led to believe that we cannot even 
distinguish between Euclidean spaces. Luckily, however, this is not 
the case. For instance, we can prove the invariance of dimension 


theorem?® 





, using de Rham cohomology. Let us sketch a proof here, 

based on the homotopy invariance of de Rham cohomology. 
Suppose that KR” ~ R’ and assume w.Lo.g. that m > n. If 

the spaces are homeomorphic, then also R”\{0} = R™\{0}. But 

R”\{0} ~ S”~1, where ~ denotes homotopy equivalence. This ho- 

motopy is explicitly constructed by radially retracting R”\{0} onto 

the unit sphere. Then our assumption that R” ~ R™ implies that 

H*.(S"-1) = H*(S™—') forall k > 0, by homotopy invariance. 

However, from this we would derive a contradiction, due to the fact 

that 

A (Sek ikea 0H 

H*.(S") =0 otherwise 


We leave the computation of the cohomology of spheres as an in- 
teresting exercise. A useful tool for this computation is the Mayer- 
Vietoris sequence??, which is unfortunately not part of the course. 
0 
Finally, we are ready to show a more general version of the 
Poincaré lemma as promised. 


If m # n, then a nonempty topologi- 
cal space cannot be both an m-manifold 
and an n-manifold [Lee11, Problem 
13-3]. See also the discussion at the end 
of chapter 1.1. 


9 For more details, see [Lee13, Chapter 
17.3| or [Tu11, Chapter 26]. 


Corollary 7.7.17 (Poincaré lemma). Let M be a smooth manifold and 
let w € Q*(M) be a closed differential form of positive degree k > 0. For 
any point p € M there exists a neighbourhood U of p such that w|y is an 
exact form in Q*(U). 


Proof. Every point in a n-manifold has a neighbourhood which is 
homeomorphic to R” and so is contractible. 
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5 
Integration of forms 


We finally have all the main ingredients to generalize our line inte- 
gral detour and discuss integration of n-forms over n-dimensional 
manifolds. 


WE KNOW FROM CALCULUS ONE, or our line integral examples, 

that the direction in which we traverse the interval, or a curve, can 
actually make a difference. As it turns out, the sign of the integral of 
a differential n-form is only fixed after choosing an orientation of the 
manifold. But what is an orientation? 

If for a curve an orientation is simply a choice of a direction along 
it, so we can make sense of it in terms of a clockwise or a counter- 
clockwise motion, generalising the concept will require an extra 
abstraction step. Not just that, you have seen already that in IR” there 
is a notion of standard orientation, but in other vector spaces we may 
need to make arbitrary choices. For manifolds, the situation is much 
more complicated: for example, on a Mobius strip’ it is impossible to 
make any such choice, it is non-orientable. 


8.1 Orientation on vector spaces 


Let’s proceed step by step by first revisiting some results from multi- 
variable analysis. If you need a reference to review this material, you 
can refer to [AMRo4, Chapter 6.2] or [Tu11, Chapters 21.1-21.2]. 


Definition 8.1.1. Let V be a one-dimensional vector space. Then 
V\{0} has two components. An orientation of V is a choice of one 

of these components, which one then labels as “positive” and “neg- 
ative”. A positive basis of V then is a choice of any non-zero vector 
belonging to the positive component, while a negative basis of V is 

a choice of any non-zero vector belonging to the negative compo- 
nent. 0 


Example 8.1.2. The standard orientation of R is give by declaring 

that the positive numbers are the positive components of R\{0}. A 
common choice as positive basis for R is {e: = 1} while a negative 
basis could be {—e;}. » 


If V be a n-dimensional vector space, we know by Proposition 7.2.2, 
that A” (V) is a one-dimensional vector space. Moreover, if {e1,..., en} 


*Cf. Example 1.5.2. 
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is a basis for V, then e! 4 --- A e” is a basis for A"(V). 


Definition 8.1.3. Let V be a n-dimensional vector space. An orientation 


on V is a choice of orientation” on the one-dimensional vector space 
A"(V). Therefore there are exactly two orientations: we say that a ba- 
sis {e1,...,€n} of V is positive (or positively oriented) if e' A --- A e” 
is a positive basis of A"(V) and negative (or negatively oriented) 
otherwise. 0) 


Example 8.1.4. If e; is the standard ith basis vector in I”, the standard 
orientation of R” is given by declaring that eba---ae”isa positive 
basis of A”(IR”) and thus that {e1,...,e,} is a positive basis of R”. 


% 


An automorphism T : V — V is called orientation-preserving if 





it maps positively oriented bases to positively oriented bases (and 
orientation-reversing otherwise). Due to the way different bases are 





transformed by n-forms, this is equivalent to say that det T > 0. 
In fact, the orientation is completely characterized by the action of 
n-forms on the bases, as the following lemma shows. 


Lemma 8.1.5. Let V be a n-dimensional vector space and let w € A"(V) 
be nowhere vanishing. Then, all bases {v1,...,Un} for which w(v1,...,Un) > 
0 give the same? orientation for V. 


Exercise 8.1.6. Let V be a n-dimensional vector space, prove that two 
nonzero n-forms on V determine the same orientation if and only if 
each is a positive multiple of the other. * 


This allows to define an eqivalence relation between orientations 
in terms of the nonzero elements in A"(V). We call these nonzero 
elements volume elements. 





Two volume elements w1,w2 are equivalent if there exists c > 
O such that w} = cw. Then, the previous exercise implies that 
the classes of equivalence [w] of volume elments on V uniquely 
determine orientations on V. 


Remark 8.1.7. Of course, if V is a vector space, then an orientation 
on V canonically determines an orientation on the dual space V* by 
declaring that the basis dual to a positive basis is itself positive. 0) 


We now need to extend all this to manifolds. 


8.2 Orientation on manifolds 


Tangent and cotangent spaces are vector spaces, so what we dis- 
cussed in the previous section directly apply (as usual). Moreover, 
we can bundle up over our manifold into a vector bundle. Differen- 
tial n-forms, then, seem a reasonable concept to define a notion of 
orientation for a manifold, at least if we think about their pointwise 
meaning of assigning an orientation to each fiber of TM. 


Definition 8.2.1. A volume form‘ on a n-dimensional smooth man- 
ifold M is a n-form w € 2"(M) such that w(p) # 0 for all pe M. We 
say that M is orientable if there exists a volume form on M. © 


? That is, we are talking about a repre- 
sentative from an equivalence class. 


3 Not necessarily the positive orienta- 
tion! 


4 Sometimes also called orientation 
form. 
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Example 8.2.2. According to this defitinion R® has the standard 
volume form w = dx a dy A dz. » 


Of course, one does need to make sure that locally we can make 
sense of this concept of orientation for it to even make sense as a 
definition. By Lemma 8.1.5 each chart (U, ~) in the atlas determines 
an orientation at each point of its domain, which will be positive 
if det(dy) > 0 and negative otherwise. This procedure can be 
repeated for each chart in an atlas for M. Thus, in order to get a 
globally consistent ordering, we need to worry about the overlaps 
between charts. 


Proposition 8.2.3. Let M be a smooth, connected n-manifold. Then the If it is not connected, then we need to 
deal with each connected component 


following are equivalent: 
separately. 


1. M is orientable; 


2. there exists w € Q"(M) such that every other n € Q"(M) may be 
written as y = f w for some f ¢ C”(M); 


3. M has an atlas {(U;, o;)} such that the Jacobian determinant of the 


transition maps is positive5. Such an atlas is said to be oriented. 5 That is, det(Dy;;) > 0 for all the 
transition maps yj; := 9; © py and 
Proof. Part I: 1. <= 2. Assume M orientable with a volume form w therefore all the charts have the same 
orientation. 





and let 7 € 2"(M) be any other differential n-form. Since every 
fiber of A” M is one-dimensional, we can directly define f : M — R 
pointwise via the equation 


Np = F(p) wp. 


We need to show that f ¢ C'(M). Locally, for some chart with 

coordinates (x) on M, we have w, = w(p) dz"! a --- A dx’ and 

Np = 1(p) dx a --- A dx”, where both coefficients are in C°(M). 

Since w(p) # 0 for all pe M, f(p) = n(p)/w(p) is a smooth function. 
Conversely, if w is a basis for 2”, then it must be nonvanishing for 

all p € M since each fiber is one-dimensional. 


Part II: 1. = 3. Assume is orientable witha volume form w. By 

eventually restricting the domains, let the atlas A = {(U;,y;)} be 

such that y;(U;) < R” is connected. Denote wo = dx! A -++ A dx” 

the standard volume form on R”, then by the previous part of the 

proof, (y;)4W = fi wo for some smooth function f; 4 0. Without loss 

of generality® we can assume f; > 0. °Is it clear why? 
Let y, and y; be two different charts in A with overlapping do- 

mains (otherwise there is nothing to check). Define the transition 


an —1 
Map OK = YPrOY, - 


(ox)ada’ A+++ A dz” = (pr)x o (yj, Jada’ A+++ A dx” 





Thus, by Proposition 7.4.9, we get 


det(Doi,) = 
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For the converse, let p; denote a partition of unity subordinate to 
the oriented atlas {(U;, ;)}. Define 


pi(p)wi(p) ifpe U; 


Wj i= prdx' a: “Adz” €0"(U;), @i(p) = ‘4 eee, 


Since supp(p;) © Ui, we have ®; € 0" (M). Let w := >), @;. This sum 

is finite in a neigbourhood of each point so, in particular, w € 0" (M). 
We need to show that it is a volume form on M7. On nonempty over- 

laps U, 1 U; # & of charts we have 


w, = pt da’ A+++ A dx” = vtoh, da’ n+». dx” 


nm 


= (det(Doj,) 0 pe) 0 ve dx A+++ A da 


= (det(Doix) ° Pr) Wk =: QikWk (8.1) 
where ayz, € C” (Ux O Uz), aix > Oand there is no implied sum’. 7 All indices are low indices. 
Since the covering {U;} is locally finite’, a point p ¢ M belongs only 8 See Theorem 1.4.6. 
to a finite number of open sets, let’s call them U;,,U;,,..., Ui. That 
is, 
N N 
w(p) = » Wi, (p) = (: + ry ous) Wig (p) #0 
k=1 k=1 


since w;,(p) # Oanda;,;, > 0. That is, for all p ¢ M we have that 
w(p) #0. 














Definition 8.2.4. A manifold M with an oriented atlas is called 
oriented manifold. If an orientation exists, we call orientation the 





equivalence class of atlases with the same orientation. Otherwise we 
say that the manifold is non-orientable. % 


A consequence of Lemma 8.1.5 and the first part of Proposi- 
tion 8.2.3 is that if a connected manifold is orientable, then there 
are exactly two different orientations. 


Definition 8.2.5. Let M be an oriented smooth manifold. If (U, y) 

is a chart with local coordinates (x') such that, in the coordinate 
representation, the volume form w = w(x)dz! a--- Adz” with w(x) > 
0, then we say that the chart ¢ is positively oriented with respect to 





w, otherwise we say that it is negatively oriented. Similarly, if M/ is 





connected and the charts for the oriented manifold are positively 
(resp. negatively) oriented, we say that the manifold is positively 
(resp. negatively) oriented. > 


Example 8.2.6. Let M = S' c R?. This is an orientable manifold 
and we can find an orientation using the stereographic projections 
from Exercise 1.2.29. Let U; = S!\{N} and Uz = $!\{S}, with the 
associated diffeomorphisms 


2p! 


= 1+p° 





ep and  p2(p) 


Let’s pick a pomenasy onleniinen by choosing as basis X, € T,M 5 Weare nobmabingaeanything af 
given by? Xp = —p apt + pt ap Then, on U1, you look carefully this is just Xp = 09. 











Ou yi(p) 
2 Oo 
~ T= p? az lor(py’ 
and ie > 0. If we perform the same computation on U2, however, 
we obtain (Y2)«(X) = —7az £ set with the negative coefficient 





—T = < 0,corresponding to the opposite orientation on U2. Of 
course, in this case, not all is lost: by choosing $2(p) = y2(—p', p”) 








we obtain ($2)x(X) = t25 4A\. Bs with the positive coefficient 

p2\Pp 
cae > 0, which shows that X,, defines an orientation on the whole 
Ss}, % 


Exercise 8.2.7. Check that the Jacobian determinant det(D(y2 o 

y; ')) of the transition chart from Exercise 8.2.6 is negative, while 
det(D(%2 © y{')) is positive. x 
Exercise 8.2.8. Consider the open Mobius strip M, a variation of 
Example 1.5.2 defined as the quotient of R x (—1, 1) via the iden- 

Rx (-1,1) > M 

the corresponding projection map. The Mobius strip inherits the 


tification (x,y) ~ (« + 1,—y),and denote z : 


differentiable structure from R?, so we need to show that there is 

no orientable atlas which is also compatible with the differentiable 

structure on M. 

1. Define the map o : Rx (—1,1) > Rx (—1, 1) by o(a, y) = (+1, -y) 
and show that 700 =7. 


2. If 7 € 2?(M) defines’? f by 7*7 = fw where w is an area’ form 
on R x (—1,1). Show that f(a + 1,—-y) = —f(z, y). 


3. Conclude that f must vanish at some point of R x (—1, 1), which 
implies that M is non-orientable. 


* 
Exercise 8.2.9. Let f € C(R"*') with 0 as a regular value. Show that 
f—1(0) is an orientable submanifold of R”*?. * 


Remark 8.2.10. This definition can be immediately extended to vector 
bundles. Given a real vector bundle z : E — M, an orientation of 
E means that for each fiber E,, there is an orientation of the vector 


space EL, such that each trivialization map 


gu: 1(U) > U x R®, 


with R” equipped with its standard orientation, is fiberwise orientation- 


preserving. With this definition, the orientability of MM coincides 
with the orientability of the bundle 7M —> M. © 


Exercise 8.2.11. Let M be a smooth manifold without boundary and 
a:TM — M its tangent bundle. Show that if {(U., Ya)} is any atlas 
on M, then the corresponding’? atlas {(T'Ua, Ga)} on TM is oriented. 
This, in particular, proves that the total space TM of the tangent 
bundle is always orientable, regardless of the orientability of M. * 
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9 





Cf. Exercise 8.2.14. 
“Te. a volume 2-form. 


Otherwise said, we can cover the man- 
ifold by (continuous) local frames 
whose local trivializations are orienta- 
tion preserving. 


* Remember Theorem 2.6.3. 
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A remarkable consequence of Exercise 8.2.11 is that TM, as a 
manifold on its own right, is always orientable, even if M is not. 


WHAT ABOUT ORIENTATION ON THE BOUNDARIES? 
Let’s first look at the tangent space. If / ia a smooth n-manifold 
with boundary and p € 0M, we have three types of possible vectors: 


1. tangent boundary vectors: X € T,(@M) < T,M tangent to the 
boundary, forming an (n — 1)-dimensional subspace of T,M; 


2. inward pointing vectors: X € T,M such that X = y,'(Y) where 
yp ':V cH" > M and Y is some vector Y = (Yi,..., Yn) with 
Y, > 0; 


3. outward pointing vectors: X ¢ T,M such that —X is inward 
pointing. 


Thus, a vector field along 0M is a function X : 0M — T,M (not to 
T,0M). 


Proposition 8.2.12. Ona smooth manifold M with boundary, there is a 
smooth outward pointing vector field along 0M. 


Proof. Pick an open cover of 0M with coordinate charts {(Ua, (r4,.. 


+25) | 





a € I}. Then X, = —32 on U, 9 OM is smooth and outward point- 
ing. Choose a partition of unity {pq | a € J} on 0M subordinate to 
the open cover {U, Vn 0M | ae€ I}. Then X := )) 4-7 Pa Xa is a smooth 


ouwtard pointing vector field along 0M. 














We can use this to introduce a notion of induced orientation on 
OM. 


Proposition 8.2.13. Let M be an oriented n-manifold with boundary. If 
w is a volume form on M and X a smooth outward-pointing vector field on 
OM, then txw is a smooth nowhere-vanishing (n — 1)-form on 0M and, 
thus, 0M is orientable. 


Proof. Since both w and X are smooth, the contraction xw is also 
smooth. We need to check that it cannot vanish. 

Assume that 1x w does vanish at some point p € 0M, that is, 
(tx )(U1,---,Un—1) = 0 for all v1,...,Un—1 € T,p(0M). Let {e1,...,en—1} 
be a basis for T, (0M). Then (Xp, €1,...,€n—1} is a basis for T, M 
such that 


Wp(Xp, €1,--+,€n—-1) = (txw)p(€1,---,€n—1) = 0. 


Then, by Exercise 7.2.11, w, = 0 reaching a contradiction. 
Therefore, .xw is non-vanishing on 0M which means that 0M is 











orientable. 





Exercise 8.2.14. Let M be an oriented manifold with boundary, w a 
volume form for M and X a smooth outward pointing vector field 
along 0M. Prove the following statements. 


aa 


1. Ita is another volume form on M, thena = fw for some every- 
where positive f ¢ C°(M). Prove thatzuxa = frxwoneM. 


2. Show that if Y is another smooth outward pointing vector field 
along 0M, then there is an everywhere positive f ¢ C%(/) such 
thatvyo = fixwonoM. 


* 


Note that if {(Ui, yi)} is a positively oriented atlas on M, then 
{(Uilom, Yilom)} can be negatively oriented. Let w = dx! a --- a dx” 
be a positive volume form on M on one of the charts, then — a is 


an outward pointing on CH” and we have”? 


t—afoun (da! A+++ A da”) = —tafoxn (da! A+++ dz”) 


= —(-1)"""da' a---ada™ 1a La/oun (dz) 


— (—1)"dz" Aw? A dx}, 

Thus, for example, the boundary orientation on 0H! = {0} is —1, 
the one on 0H? is the standard orientation on R given by dz’ and the 
one on GH? is —dx! a dx”, which is the clockwise orientation in the 


(x1, x)-plane, etc. 


Example 8.2.15. The closed interval [a, b] < R with standard euclidean 
coordinate x has a standard orientation given by the vector field 2. 
Therefore'4, the boundary orientation at b is u 2 (dz) = +1 and the 
one at ais t_ a (da) =-l. % 


Exercise 8.2.16. Orientability is common but there are many exam- 
ples of nonorientable manifolds. 


1. Prove that S” is orientable. 


Hint: above there is a small exercise that can help a lot here. 
2. Prove that any Lie group is orientable. 


3. Prove that RP” is orientable if and only if n is odd. 


Hint: the antipodal map x > —a on S” can help. 


8.3. Integrals on manifolds 


To avoid unnecessary complications, we will only integrate n-forms 
with compact support. Armed with our experience with line in- 
tegrals, fond memories of multivariable analysis and our recent 
discoveries, we are finally ready to talk about integrals. Let’s keep 
things simple and go one step at a time. 


Definition 8.3.1. Let M7 be a smooth n-manifold and (U, y) bea 
chart from an oriented atlas of M with coordinates (z"). If w € 
Q"(M) be an-form,n > 0, with compact support in U, we define 
the integral of w as*> 
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*3 Recall Lemma 7.3.2. 


4 Recall the charts in Example 1.5.9. 


* Recall that for a diffeomorphism ¢, 
ba = (-")*. 
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| u=| w= | Paw = w(x)dx'--. dx”, 
M U p(U) i 


where the last is the usual Riemannian integral on R” and, on the 
chart’? 
yaw = w(x) dz’ a--» a dx” € Q"(R”). 


For convenience we may sometimes write dx := dz! --- dx”. 
If M is an oriented 0-dimensional manifold and f € 2°(M) = 
C®(M), than we define the integral to be the sum 


. f= Dy +f(p), 


where we take the positive sign at points where the orientation is 
positive and the negative sign at points where it is negative. The 
compactness assumption here implies that there are only finitely 
many nonzero terms in the sum. © 


To make sure that this definition makes sense, let’s show that the 
integral is well-defined, that is, up to orientation it does not depend 
on the chosen chart. 


Lemma 8.3.2. Suppose w € 2"(M) with compact support suppw < 
U 0 V, where (U, yp) and (V, ~) are two positively oriented charts on the 
oriented manifold M. Then, the value of the integral \ ,, w is independent 
on the chosen chart. 


Proof. Let y and ~ be two charts on W = U 1 V with the same 
orientation and local coordinates x and y, leto = 7) 0 y7! be the 
corresponding transition map. Then, a computation completely 
analogue to (8.1) implies 


| PuW = | Wa. 
e(W) w(W) 














To be able to integrate charts which are not supported in the 
domain of a single chart, we now need the help of a partition of 
unity. 


Definition 8.3.3. Let 14 be a smooth oriented manifold and A = 
{(U;, yi)} a positively oriented atlas. If w € ("(M) has compact 
support, then the integral of w is defined as 


Jue ~ xf, rae (8.2) 


where {p; | j = 1,...,N}is a partition of unity subordinate to a 
finite cover’? of supp w by charts domains {U;}. © 


The definition above makes sense only if the value of the integral 
is independent of the chosen partition, but with the help of the 
previous lemma this is easily checked. 


Tn general, locallyw = 

J Wig esin (x)dx*t A --- a dx”, 

but, by reordering the basis element for 
each term in the sum, we can always 
write it in the more compact form 
presented here. 

Everything in Definition 8.3.1 remains 
valid if IR” is replaced by H”. 


In multivariable analysis you saw 
already the invariance of the Euclidean 
integral by orientation-preserving 
changes of coordinates, namely for 

F : R” — R” orientation preserving 
diffeomorphism and w € ”(R”), it 
holds Spa) w =), F*w. This can be 
also directly used to show 


i Pu =| Pu 
e(W) o—1(~(W)) 


The terms on the right hand side of 
(8.2) are all integrals as in Defini- 
tion 8.3.1. 


‘7 Such that )_, p;(p) = 1 for 
p © supp w. 


Lemma 8.3.4. The value of § ,, w is independent from the choice of the 
atlas and the choice of partition of unity. 


Proof. The independence from the choice of the charts was demon- 
strated in Lemma 8.3.2. Let {f;} be another partition of unity subor- 
dinate to a (possibly different) finite cover by charts {(V;, ~;)} with 
>); (p) = 1 for p € supp w. Then we have, 


| D5) x (piu =F en! x sR) 
= = J (0; PK) 


yi (U; sg 


(@) ay 
= Dee aft (pj Pru) 


Pk >, Pie 
-ZJ ny: | d , 
=o. « (PRw) , 
a 


where in (@) we used Lemma 8.3.2. 














Which immediately implies the following nice result. 


Theorem 8.3.5 (Global change of variables). Suppose M and N are 
oriented n-manifolds and F : M — N isan orientation preserving 
diffeomorphism. If we Q"(N) has compact support, then F*w has compact 
support and the following holds 


| w=| F*w, 
N M 


Proof. First of all, observe that supp(F*w) = F~!(supp(w)) which is 
compact since manifolds are Hausdorff spaces and F is continuous. 

Let now {(U;, y;)} be an atlas of a positively oriented chart on M 
and {p;} a subordinate partition of unity. Then, {(F (Ui), pi o F~')} 
is an atlas of positively oriented charts for N and {p; 0 F~'} is a par- 
tition of unity subordinate to the covering {F(U;)}. By Lemma 8.3.4 
we have, 
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which shows the commutativity of the following diagram 


Sw 
R 


and concludes the proof. 














This justifies the following definition. 


Definition 8.3.6 (Integral on submanifolds). Let M an oriented 
smooth m-manifold, N an oriented smooth n-manifold and J: N > 
M asmooth map”. If w ¢ Q"(M) restricted to J(N) has compact 


support, we define 
il Wi | J*w. 
N N 


In particular, if M is compact, oriented, smooth m-manifold, w € 
Q”—!(M) andi: 0M <— M is the inclusion of the boundary in M, 
we can interpret unambiguously 


| w= | a*w, 
OM OM 


where 0M is understood to have the induced orientation. >) 


Example 8.3.7. Let M = [a,b] < R equipped with the canonical 
global atlas {(M, ide |ar)} and f € Cf?(M),ie., smooth with compact 
support?9. Then, df ¢ 0'(M) and supp df c supp f is compact as 
well and we have 


b 4 
[ a=[ Zar=re)-r=[ oF 
M a aM 

% 
Exercise 8.3.8 (Fubini’s theorem). Let M@™ and N” be oriented man- 
ifolds. Endow M x N with the product orientation, that is7°, if 
tm: Mx N— Manday: M x N — Nare the canonical projec- 
tions on the elements of the product, and w and 7 respectively define 
orientations on M and N, then the orientation on M x N is defined 
to be the orientation defined by 73 ,w A min. 

If ae Q™(M) and 6 € 2"(N) have compact support, show that 


a x B= (wha) A (7NB) 


has compact support and is a (m+ n)-form on M x N. Then, prove 
Fubini’s theorem: 


eer) ie: 


.,€n41} be the standard basis of R"*! and 
A €n+1 the induced volume form. On S” define 


x 


Exercise 8.3.9. Let {e1,.. 
OQn41 = €y Acs: 
Wn € 2"(S") by 


Wn(s)(v1, as ie) = Qn41(8, U1, oer , Un) 


If N c M isasubmanifold, then 
J: N <= M is just the inclusion map. 


19 Which does not mean f(a) = f(b) = 
0 since [a, }] is itself compact. 


20 An equivalent way is to say that if 
V1,.--,Um © TypM and wi,...,wn € 
T,N are positively oriented bases in 
the respective spaces, then 


(v1, 0), care: (un, 0), 
(0, w1),- re) (0, Wn) 
€ T(p,q)(M x N) 


is defined to be a positively oriented 
basis in the product. 
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for sé S” and vj,...,Un € T;8”. 
In this exercise we are going to define a canonical volume w,, on 
S” and prove that 


gmr+lyzm 
| oe On DI ifn = 2m, m>1, 
n m — : 


and a 
2 m 
| pe eee ifn =2m+1, m>0. 
n m! 
1. Show that w,, isa volume form on S”. In fact it is the so-called 


standard volume form on S”. 


2. Let f : Ry x R"*!\{0} > R"+1\{0} be given by f(t, s) = ts, where 
IR, is defined to be the set {t € R | t > O}. Show that if Ry is 
oriented by dt, S” is oriented by w,, and R”*" is oriented by 2,41, 
then the Jacobian determinant det(D f(t, s)) = t”. Conclude that f 
is orientation preserving. 


3. Let M be the annulus M = {z € R"*1 | 0 < a < |zal| < b < a}. 
Consider the restriction f|(,») xs» and show that for « € R"*?, 


f* (eo, 41] =e? (dt x Wn), 


where dt x wy, is a product volume form as in Exercise 8.3.8. 


b 
i ells = | eat | Wn. 
Rrt1 a n 


5. Consider the limits a > 0+ and b > +00 and show that 


(oe) 5 +00 P n+l 
| tve* at | Wn = (| e " au) : 
0 n <0 


6. Assume to know that 5 edu = 4/7. Show that 


[ pg? gg UM DEVE ong [ game i gy = 


4. Show that 


and use them to deduce the required formulas for {.,,, wn. 


* 


Corollary 8.3.10 (Of Theorem 8.3.5). Let F : M — M be a diffeomor- 
phism and w € Q”"(M) an invariant volume form, that is, F*w = w. Then, 
for all compactly supported smooth functions f € Co? (M), the following 
holds 


fu= | (fo F)w. 
M M 
Proof. Follows form the previous exercise by observing 


F* (fw) =(foF)F*w =(foF)w. 
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This corollary has deep consequences in classical mechanics, 
which I am going to teach in the master and you are welcome to 
attend! 

Remark 8.3.11. The integral defined in this section can be extended 
rather immediately to measurable functions. Let w € 2."(M) bea 
positive volume form and let f : M — (0,00) be measurable. Then 
one can define 


fee =| gol Palorte) 
=D] teri Mer)aw 


=D] Ofer @ewers 


where the last integral is a Lebesgue integral on R”. One then calls 

f : M — Rintegrable, saying f ¢ L1(M,w),if\,,|flw < © 

and defines its integral as §,, fw := §,, ftw —§,, fw, where f* 
denote the positive and negative components of f as in the euclidean 
case. ?) 


8.4 Stokes’ Theorem 


Stokes’ theorem states that if w is an (n — 1)-form on an orientable 
n-manifold M, then the integral of dw over M equals the integral of 
w over 0M, generalising our observations for the line integral. This is 
a beautiful and very important results, with deep consequences. The 
most immediate ones are the classical theorems of Gauss, Green and 
Stokes, which are just a special cases of this result. 

We are going to state the theorem, discuss some of its conse- 
quences and then give its proof. 


Theorem 8.4.1 (Stokes’ theorem). Let M be an oriented n-manifold 
with boundary and let w € Q"~'(M) be compactly supported. Then, 


I, i [» (8.3) 


Corollary 8.4.2. Let M be an oriented n-manifold without boundary and 
let w € Q"~!(M) be compactly supported. Then, 


| dw = 0. 
M 


That is, the integral of a compactly supported exact form over a manifold 
without boundary vanishes. 


Corollary 8.4.3. Let M be a compact oriented n-manifold with boundary 
and let w € Q"~1(M) be closed. Then, 


| w=0. 
aM 


That is, the integral of a closed form on the boundary of a compact manifold 
vanishes. 


Here, 0M inherits the orientation from 
M as in Definition 8.3.6, w on the right- 
hand side is interpreted as 1*w where 
i: 0M — Mis the inclusion of the 
boundary and if 0M = @ then the 
right-hand side is interpreted as 0. 


On a similar note, the fact that ddw = 0 
for every w € 2"(M) corresponds 

to the fact that a boundary has no 
boundary, that is COM = @ for any M: 
indeed, for any w € 2" (M) one has 


o=[ div=| dw=[  w. 
M OM 00M 
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Corollary 8.4.4. Let M a smooth m-manifold, N an oriented smooth n- 


manifold and J : N + M a smooth map?". If w €¢ Q"—1(M) restricted to >If N c M is asubmanifold, then 


J(N) has compact support, then J: N <= M is just the inclusion map. 


| dJ*w = | J*w 
N aN 


where ON inherits the orientation of N. 


Corollary 8.4.5 (Green’s theorem). Suppose D is a compact regular 
domain in R? and P,Q € C™(D), then 


0Q «OOP 
|, (2- oY at ay =| (Par + Quy). 


Remark 8.4.6. The requirement of compactness in Stokes’ theorem 
may seem there just to avoid technicalities involving the convergence 
of the integral, however, it also avoid subtleties due to the boundary 
as shown in the following example. Let M = (a,b),thus 0M = ©, 


and f(#) = x. Then, 
b 
Lege 


But this does not contradict Stokes’ theorem since f is not compactly 








supported. 

If you close the interval, then f becomes with compact support 
and we are back in the case of Example 8.3.7 where we had already 
seen Stokes’ theorem. ) 


Proof. Part I: EUCLIDEAN BOUNDARY CASE. Let’s start witha 
special case: suppose M = H” itself. Since w has compact support, 
there is R > 0 such that suppw c A = [—R, R]"~! x [0, R] is enclosed 
within the rectangle A. We can write w in standard coordinates to get 


n F 
; er, 
w= Vwida aa dx Ares A axe” 
j=1 


where the hat means that the corresponding element dz’ is omitted. 


Therefore??, » Exercise: explicitly write down the 
steps of the computation. 


n A i 
dw = yy Sas! Av++A dx”, 


and we end up with the integral 


Jt 


ij 
Ou? al Avs: A dx 


4 Oud 
mt le Lee 
oat 


The last are genuine euclidean integrals and we can change the order 


n 


a 


of integration in each term to always integrate the x) term first. The 
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usual euclidean fundamental theorem of calculus then, for the terms 
with j 4 n, implies 


n B By ‘ 
[a =S\- pf fr | Sareea 





j=l 
n R ; 
Ou : —_ 
= ¥)(-1)- pf [. | oO" (x) dei dx... dad». dx” 
j=l _ xd 
ils R ; xI=R —— 
=SC )- vel [. | wI (x)) dxt.-- dai ---dx™ 
j=l —R zi=—R 
=0 


since FR is larger than the support of w at each coordinate. The only 
term that may not be zero is the j = n one. In that case, for the same 
reasons, 


R R R R e 
[ecm [Lo fC sianee 
n R R R aul | 
R fR R 2"=R 
- earl | | w"” (a) dad” 1x 
—RJ-R —R z"=0 
R fR R 
= cy | | | w(al,...,0"},0)d"-12(8.4) 
—-RJ-R -R 


We now need to compare this with the right-hand side of (8.3). T 








this end, compute he following 
| w=] w;(},...,0°1,0)de! asada A+++ Ada”. 
OH™ AnH” 


Since x” vanishes on GH”, the pullback of dx” to the boundary is 
zero, and thus the only surviving term in the sum is the last one, 
that is, 


| u=| wy(z',...,02% 1 0)det v--» adr}. (8.5) 
CH” AnH” 


Since coordinates (x!,...,2”~') 


are positively oriented for H” 
when 7 is even and negatively oriented when n is odd, we obtain 


the equality of (8.4) and (8.5). 


Part II: EUCLIDEAN CASE. If M = kR” the considerations above 
apply without the need to make an exception for the case 7 = n, so 
all the terms vanish on the left-hand side of (8.3) while the right- 
hand side is trivially zero due to the empty boundary. 


Part III: “arBITRARY” M BUT Suppw IS CONTAINED IN A SINGLE 
CHART. Let (U, y) denote a chart such that supp w c U. Without loss 
of generality assume that ¢ is a positively oriented boundary chart, 


then 


(a) [ore 


= | W, 
OM 


where in the (@) step we applied the computations above and where 
0H” has the orientation induced by H”. For a negatively oriented 
smooth boundary chart, the computation applies with an extra 
negative sign on each side of the equation. For an interior chart, we 
get the same computations with Rk” in place of H”. 


Part IV: “ARBITRARY” M AND w. Let finally w €¢ 2"~'(M) with 
compact support. Without loss of generality, let {(Ui,y;) | i € I} 
be a finite cover of supp w by positively oriented charts and {p;} a 
subordinate partition of unity with }} p;(p) = 1 for all p € suppw. 
Then, by applying the previous arguments for each i we get 


In, st d is = d [. d(piw) 
= d | Aw + p; dw) 
~fre(n) of, (Ea) 


=0+] dw, 
M 


concluding the proof. 














Exercise 8.4.7. Let D” := {x = (a',..., 2") € R” | ||| < 1} denote the 
unit disk in R” centred at 0. Recall that 0D” = S"—!. 


1. Compute §., 7 where 7) is the following 1-form on R?: n = —x?da'+ 
1 a2 
x da. 


2. Compute j.. w where w is the following 2-form on R®: w = 
zidx? a dx? — x*dx' a dx? + x3dz' a dx’. 


3. Show that 7 and w above are closed but not exact (as differential 
forms on S! and S? respectively). 


Hint: if you look carefully, you may notice that you don’t really need to write any- 


thing down in coordinates. * 


Example 8.4.8. Consider the annulus M = {(z,y) € R? | 1/2 < 
x? +y < l}and the 1-formw = =e = d6 where (x,y) = 
(pcos @, psind). 


INTEGRATION OF FORMS 


147 





148 ANALYSIS ON MANIFOLDS 


Then dw = 0 and therefore 5 vs dw = 0. Furthermore, 


ae 
OM a2ty2=1 x? +y2=1/2 
27 27 
= | dd — | dé 
0 0 


= 27-27 =0. 


An important consequence of this is that while locally w is the 
differential of the angle function 6, this cannot be exact on all M: 
indeed, if w = dn for some 7, we would have 


20 [Le [a4] 7 =0. 
St St ost 


Moreover, since 27 = Soa w, Stokes’ theorem also implies that S! is 








not the boundary of a compact regular domain in R*\ {0}. % 


In fact this example is a particular case of the following corollary 
of Stokes’ theorem. 


Corollary 8.4.9. Suppose M is a smooth m-manifold with or without 
boundary,N < M is an oriented compact smooth n-submanifold (without 
boundary) and w is a closed n-form on M. If § w # 0 then the following 
are true: 


1. w is not exact on M; 


2. N is not the boundary of an oriented compact smooth submanifold with 
boundary in M. 


Exercise 8.4.10. Prove this corollary. 


Hint: follows from two the previous corollaries. * 


Exercise 8.4.11. In this problem we are going to prove the smooth 
version of Brouwer’s fixed point theorem. 


Theorem 8.4.12 (Brouwer’s fixed point theorem (smooth version) ). 
Let D, := {x € R” | |\al| < 1} denote the closed unit disk in R". Any 
smooth map g : Dy, > Dy, has a fixed point, that is, Ip € D,, such that 
g(p) = p. 


We will proceed by first showing another result. 


Theorem 8.4.13. Let N be a compact n-dimensional submanifold of R” with 
non-empty boundary ON. Then, there is no differentiable map f : N — 0N 
for which every boundary point is a fixed point, that is, for which f(p) = p 
forallpe oN. 


Let Q = dz! a --- a dx” denote the standard volume form on N, 
that is, the restriction of the standard volume form on k” to N, and 
X be an outward-pointing vector field on ON. 


1. Show that w = 1x1 is a closed non-vanishing form on 0N. 


2. Show that f*w is closed. 
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3. Prove Theorem 8.4.13. 
Hint: assume there is f such that f(p) = p forall p € ON and use 
integration to get a contradiction. 


4. Prove Theorem 8.4.12. 
Hint: by contradiction, use the half line from p to g(p) to construct a 
function for which every point in the boundary is fixed. 


A 


Foliations and Frobenius’ Theorem (B. 


A.1  Foliations and Distributions 


In this introduction to the concept of a foliation, we will only be con- 
cerned with so-called regular foliations. The notion can be extended 
to include a more general class of objects, but we will not do so here 
and we will use the term foliation” without further quantifiers. Let 
us begin by describing what a foliation is, conceptually. A foliation 
of a smooth manifold M is a decomposition into immersed subman- 
ifolds of equal dimension. These submanifolds are called the leaves 
of the foliation. 


Example A.1.1. We have already encountered some foliations. 


1. Let Gbea Lie group and H c G‘a Lie subgroup. Then there 
exists a foliation of G whose leaves are the cosets of H. 


2. LetG x M — M bea free Lie group action. Then there exists a 
foliation of M whose leaves are the orbits of the group action. 


3. Vector bundles (and more generally fibre bundles) 7: E > M 
give foliations of the total space E’, whose leaves are given by 
{a} x n—\(x). 


% 


Let us give the precise definition of a foliation. To do this, we also 
give the definition of a flat chart. 


Definition A.1.2. Let 1/ be a smooth manifold of dimension n. A 
foliation F of dimension k on M is a collection of disjoint, connected, 
immersed k-dimensional submanifolds F; € F of M such that 

UF, = M. The F; are called the leaves of the foliation. Additionally, 
for each x € M, there exists a flat chart (U, ¢) containing x. This 
means ¢(U) = (0,1)"” c R” and F; NU is either empty, or a countable 
union of slices given in local coordinates by xt! = ck*1, 1. a" = c” 
for some constants c’. > 


The definition may seem rather messy, in spite of the concept 
being quite intuitive. 


Example A.1.3. To give some more down-to-earth examples, consider 
the following: 


Brongers ) 
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1. Let $8a= {eo sa") eI RYO). | Se? = ar SS O}and 
F = {S? | r > 0}. This defines a foliation for R” with the origin 
removed, and the leaves are spheres. 


2. Consider the torus T? = S' x $1. We have two different foliations, 
in each case the leaves are given by circles. They are F; := {{x} x 
St | xe S'} and Fo :={S' x {y} | ye S4}. 


Exercise A.1.4. Describe the foliations of the torus given above in 
terms of coset spaces of the Lie group G = T? and suitably chosen 
Lie subgroups H. What about the foliation of R\{0} by spheres? Can 
you describe it in terms of a Lie group action G on some smooth 
manifold M? * 


One of the primary motivations for studying foliations arises from 
the concept of distributions, which at first might not seem related. 


Definition A.1.5. Let MM be a smooth manifold. A distribution D on 
M isa subpsace D < T'M such that there exists a neighbourhood U 
of every point x € M with the following property. Given y € U, there 
exist vector fields X1,...,X, such that D, = span{(X1),,...,(Xz)y}- 
% 


Consequently D, is a linear subspace of T’, M for all x «€ M. How- 
ever, a distribution is not necessarily a sub-bundle of the tangent 
bundle, because the fibres may have different dimensions. If D is a 
sub-bundle of rank k, then we say that the distribution is regular. 

We can immediately give a reason for why we might want to con- 
sider such objects, as follows. In many physical systems, there are 
certain constraints to be imposed. One way we might think of such 
constraints, is a limitation on the paths that a particle is allowed to 
take, whether that is in phase space, or in physical space. Concretely, 
this means that at certain points, we want to exclude directions from 
the space of possible trajectories of this particle. As such, the space 
of velocities of the particle at a point x € M is no longer the entire 
tangent space, but rather a linear subspace D, © T,,M. We would 
then patch all of these subspaces together to get a distribution on M. 


Remark A.1.6. In the remainder of this chapter, we will assume that 
our distribution are regular, unless stated otherwise. That is, D is a 
sub-bundle of the tangent bundle. .) 


As our motivation above illustrates, distributions are intimately 
related to the solutions of differential equations. As such, we want 
to know when a distribution can be integrated to give a solution to 
our set of differential equations. Consequently, for the special case of 
(non-singular) vector fields, we had better recover the definition of 
an integral curve; these are the solutions to the differential equation 
specified by a vector field on M. 


Definition A.1.7. Let D be a distribution on MW. A submanifold 
D c M is called an integral manifold if TD = D,; for alla e¢ N. A 
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distribution is called integrable if there exists an integral manifold 
containing x forall ze M. 

It is called completely integrable if for every « ¢ M, there exists 
a smooth chart (U, ¢) such that ¢(U) = (0,1)” < R” and Diy = 
span{é1,..., 0x}. © 


When D is integrable, we get a decomposition into maximal in- 
tegral manifolds IM = U;,Dj;, which is a disjoint union. Therefore, 
integrable distributions give rise to folations. 


Exercise A.1.8. Find a distribution on R” whose integral manifolds 
give the foliation from A.1.3. Hint: consider the orthogonal comple- 
ment of the Euler vector field «*0;. ke 


A.2 Frobenius Theorem 


The theory of Lie groups and Lie algebras originated late in the 19th 
century, through the study of partial differential equations. There 
have been many applications of Lie theory in other fields since then. 
However, in what is to follow, we will be able to see its origins. 


Definition A.2.1. Let D be a distribution on M and I'(D) its space 
of sections. Then D is said to be involutive if (['(D), [-,-]) is a Lie 
subalgebra of ([(7'M), |-,-]). 0) 


Frobenius theorem asserts that this algebraic criterion is in fact 
equivalent to the analytic criterion of integrability. 


Theorem A.2.2 (Frobenius Theorem). A distribution is completely 
integrable if and only if it is involutive. 


We outline the proof as it is presented in [Lee13]. We first estab- 
lish the following result: 


Proposition A.2.3. Any integrable distribution is involutive. 


This result is actually very straightforward. The converse implica- 
tion of the Frobenius will require more work. 


Proof. Suppose that X,Y e I'(D|y),x« ¢ Uandaz € D, where D 
is an integral manifold of D. Then we actually have X,Y ¢ I'(TD), 
whence [X,Y] € I(TD),so [X,Y] € [(D|v). Consequently, [(D) is 
indeed a Lie subalgebra of TM. 














The proof sketch for the converse implication as it is given in 
[Lee13, Theorem 19.12] is based on the canonical form theorem for 
commuting vector fields, which shows that a distribution is com- 
pletely integrable if it has a local basis given by commuting vector 
fields. The proof then outlines how every distribution can be given 
such a structure. This is done by transferring to Euclidean space 
through chart maps, assuming that the distribution is spanned 
by 01,...,0% € I(LR”), and then using the projection map 7 : 
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(at,...,2”) > (a',...,a*) and its differential to transfer the co- 


ordinates back to M. The crucial step is that dz is a Lie algebra ho- 
momorphism. Together with the fact that [0;, 0;] = 0, this suffices to 
establish the result. 

In classical mechanics, the Frobenius theorem has the following 
application. 


Corollary A.2.4. The distribution determined by the constraints on a 
physical system is involutive if and only if the constraints are holonomic. 


Without trying to give a precise definition for what a holonomic 
set of constraints is, this means that the constraints determine an 
involutive distribution if and only if we can find solutions to the 
specified equations of motion. 


A.3 Prelude to Lie Algebroids 


The Frobenius theorem is remarkable result, in that we can express 
a particularly desirable situation (complete integrability) in terms 
of a purely algebraic criterion (involutivity). These situations occur 
more often in mathematics and physics, as we now outline. We 
will not elaborate much on the definitions, as these topics could fill 
entire books. Rather, this is to motivate and encourage the interested 
reader. 

There is a theory of complex manifolds, which is very much 
analogous to that of smooth manifolds, except using holomor- 
phic atlases/transition functions/vector bundles, etc. The tangent 
bundle of a complex manifold Z then inherits a pointwise linear 
map J : TZ —> TZ satisfying J 2 — —id, owing to its underly- 
ing complex structure. Such a map might also exist on a smooth 
(even-dimensional) manifold. It is then called an almost complex 
structure on M. It is a natural question to ask when such a map J 
comes from the structure of a complex manifold, that is, can M be 
given the structure of a complex manifold so that J is its associated 
map J : TM — TM onthe (holomorphic) tangent bundle? The 
answers can be reformulated in a certain “bracket criterion”. 


Theorem A.3.1 (Newlander-Nirenberg Theorem [Voio2]). Let J : 
TM — TM be an almost complex structure on M. Then it comes from a 
complex structure if and only if |J, J|N~ = 0, where [-,-]~ is the Nijenhuis 
bracket. 


Related to the theory of almost complex structures, is symplectic 
geometry. This type of geometry is a “weaker” notion than that of 
Riemannian geometry, in the sense that it isn’t as restrictive. Any 
Riemannian metric provides an isomorphism TM — T* M given by 
X +> g(X,-), but it provides other structure as well. 


Definition A.3.2. An almost symplectic manifold is a pair (IM, w) 
where w € 9?(M) provides an isomorphism ¢ : TM — T*M by 

X > w(X,-). If, additionally, dw = 0, then the pair (/, w) is called a 
symplectic manifold. ©) 


FOLIATIONS AND FROBENIUS’ THEOREM (8. BRONGERS ) 


On an almost symplectic manifold, we can associate a vector 
field X;, to any function h : M — R. We do this by taking the 
differential, and then using the inverse isomorphism provided by w. 
Thus, we define X;, = ¢~1(dh) and call it the Hamiltonian vector 
field of h. Given these structures, we can define a bracket operation 
on C™(M) as follows. We define {-,-} : C?(M) x C”®(M) — C”(M) 
by {f,g} = —Xyg. Since {f,-} is given by a vector field, this is a 
derivation of the algebra C” (1). Furthermore, it is anti-symmetric. 
The question is whether the bracket defined in this way satisfies the 
Jacobi identity. 


Theorem A.3.3. The bracket {-,-} : C®(M) x C®(M) > C®(M) 
satisfies the Jacobi identity if and only if the almost symplectic structure 
is a symplectic structure. That is, if and only if dw = 0. In this case, 
(C”(M), {-,-}) is a Lie algebra. 


Again, here we have an equivalence between the “integrability” 
of a certain structure, and a “bracket criterion” given by the Jacobi 
identity. 

Example A.3.4. Let M be a smooth manifold. Then 7* M can be 
given a natural symplectic structure. The key point here, is to notice 
that T*M  M comes equipped with a natural 1-form, called the 
tautological 1-form 7 € 2!(T*M). To understand this, let 7 ¢ T*M. 
Then 7 € 7~'(x) for some unique x € M. That is,7 : T,M — Risa 
linear map. Now, if X ¢ T,,T*M, then we have dr(X) € Ty(,)M = 
T,M. Asa result, we can evaluate n(da(X)). In this way, we get a 
1-form 7,,(X) = 17*n(X). The 2-form w := —dr is a symplectic form 
on T* M, called the canonical (or tautological) symplectic form. >) 


Another important class of symplectic manifolds arises from 
complex geometry, and these are the so-called Kahler manifolds. 
Every smooth projective complex variety is an example of such a 
manifold, by Serre’s GAGA theorem. 


Theorem A.3.5 (Serre [Ser56]). There is an equivalence of categories 
between smooth projective algebraic varieties, and connected projective 
complex manifolds Z < CP”. 


In light of this theorem, we shall prove that CP” has a canonical 
symplectic form, which provides us with a large class of symplectic 
manifolds with a canonical symplectic structure. One of the most 
well-known examples of homological mirror symmetry, which arose 
from string theory, is given by the quintic threefold 


Z = {[zo: 21: 22: 23: z4] € CP*| 5) z? =O} 


This is a smooth projective variety of great historical importance, 
because it propelled the idea of mirror symmetry from being an 
obscure physical theory, to a mathematical conjecture, as found in 
[Kong4]. The homological mirror symmetry conjecture (which has 
been verified for a large number of examples) uses the symplectic 
structure on a manifold to construct the so-called Fukaya category. 
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The conjecture asserts that this category is equivalent to a certain 
category defined over its mirror pair. 

However, we cannot even hope to touch upon mirror symmetry 
here. Instead, we will carry on to prove our assertion that complex 
projective space has a canonical symplectic structure. The main 
result that we need is the following. 


Theorem A.3.6. Complex projective space CP” inherits a metric h from 
C"*! called the Fubini-Study metric. 


Proof. We can obtain CP” from C"*" as follows. First we take 
S2ntl — Crt!/ ~, where z ~ dz for \ € Ry. Then we obtain CP” 
from S?”"*+! through the equivalence relation z ~ ze’. In summary, 
we have 

crt a1 gent <™2, Cp” 


On C”*? we have a canonical metric defined by g = }};"_, dz ® dz. 
We would like this metric to descend to the quotient. Let. : $?"t! > 
C"*" be the inclusion map. Then v*g is a canonically defined metric 
on $2"+! called the round metric. It is constant on the fibres of 7, 
since the fibres are the orbits of U(1). We leave the details as an 
exercise. Therefore, .* g descends to CP”, to give the Fubini-Study 
metric. In local coordinates, it is given by 


fal fal ) _ (1 + |z|7)6;; — 2425 
0% 02; (1 + |z|2)2 

















Remark A.3.7. As a part of the proof above, we established the Hopf 
fibration, which is an example of a so-called principal G-bundle, 
where G is a Lie group. In this case, G = S! = U(1). 


gi ne gent = cp” 


% 


Now that we have a metric, it is actually straightforward to define 
a symplectic structure, due to the following result. 


Theorem A.3.8. Let M be a smooth manifold. Then M might have a 
symplectic, almost complex and/or Riemannian structure, denoted by w, 
J and g respectively. Given two of these structures, we can use them to 
construct the remaining one, in a compatible way. 


Proof. The reader may verify that the following indeed defines each 
of the structures as claimed. 


1. w=g0(J @id) 
2. g=wo(id@J) 


3. Given w and g, we obtain J through polar decomposition, see 
[Silo8]. 
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Corollary A.3.9. Any complex manifold with a metric has a symplectic 
structure defined byw = go (J @ id). In particular, any projective 
complex manifold Z < CP” has a canonical symplectic structure defined by 
w(X,Y) = e*h(J(X),Y). 


Next, we have an example from the realm of Poisson geometry. 
This is in some sense a generalisation of symplectic geometry. The 
theory of Poisson manifolds is a very active research area, related to 
quantisation of physical theories, as well as modelling constraints on 
physical systems. 


Definition A.3.10. An almost Poisson manifold is a pair (4, II) such 
that the bracket {-,-} : C®(M) x C®(M) — C™(M) defined by 
{f,g} = I(df, dg) satisfies the axioms of a Lie algebra, save for the 
Jacobi identity. If the bracket satisfies the Jacobi identity, the pair is 
called a Poisson manifold. 0) 


Remark A.3.11. The Jacobi identity is precisely equivalent to the con- 
dition that ad(X) = [X,-] is a derivation of the Lie algebra (g, |-, -]). 
In the context of the Poisson bracket above, we have two different 
algebraic operations on C'(M/). Namely, pointwise multiplication 
and the Poisson bracket. By definition, { f,-} is a derivation of the 
algebra (C”(M),-). The requirement that the Jacobi identify be sat- 
isfied, means that { f, -} is also a deriviation w.r.t. (C?(M),{-,-}). A 
Poisson manifold is then a manifold with this mutually compatible 
structure, making C” (4) into an infinite-dimensional Lie alge- 
bra. 0 
Given an almost Poisson structure, we can again find a criterion 


for it being a Poisson structure in terms of a bracket operation. 


Theorem A.3.12. Let (/, II) be an almost Poisson manifold. Then this 
pair defines a Poisson structure if and only if [H, U])sn = 0 where [-,-]9n is 
the Schouten-Nijenhuis bracket. 

Let us give an important example of a Poisson manifold. 


Example A.3.13. Let g be a Lie algebra of finite dimension, and let 
g* be its dual as a vector space, with its standard smooth manifold 





structure. let x',...,2” denote the coordinates on g and pi!,..., 1” 
the dual coordinates on g*. Then we can define a bracket on C™ (g*) 
by 
. Of Og 
sak og 
{fg} wh” CijHk Opt Ow 


where ct, are the structure constants of g, defined by [x;, aj] = chp. 
This class of Poisson manifolds is called Lie-Poisson manifolds, and 
they were originally studied by Sophus Lie himself. 0) 


In Poisson geometry, it is desirable to find a so-called symplectic 
realisation of a Poisson manifold. In some sense that can be made 
precise, this means “untangling” the Poisson manifold into a simpler 
structure, which is a symplectic manifold. 


Theorem A.3.14 (Crainic,Fernandes [CFo3]). A Poisson manifold 
admits a complete symplectic realisation if and only if it is integrable. 
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The specifics of this notion of integrability are somewhat beyond 
our scope, because we are entering the realm of Lie groupoids and 
Lie algebroids. We shall state the definition of a Lie algebroid af- 
ter the following example, so that the reader can see how all these 
concepts fit into the framework of Lie algebroids. 

Our final example is that of a Dirac structure on a manifold. In 
order to do this, we first want to define two operations on the space 
TM :=TM @T*M. Namely, 


1. Asymmetric bilinear form ¢-,-) : TM — R defined by 
((Xp, @p), (Vp, Bp)> = Ap(Yp) + Bp(Xp) 
2. A bracket [-,-] : (71M) x [(1M) — T'(TM) defined by 


[(X, a), (Y, 8) = [X,Y], £x 6 — wyda) 


Remark A.3.15. There is also a skew-symmetric bracket on TM, de- 
fined by 


[(X,a),(Y Blo = ([X, Y],£x8 —Lya+ sal) — B(X))) 


called the Courant bracket. We will refer to this bracket later on, as it 
makes TM into a Lie algebroid. The bracket [., -] instead produces a 
Courant algebroid. .) 
We are now interested in sub-bundles L < TM which are maximally 
isotropic with respect to the symmetric form above. This means 

that D has rank dim M, and (L, L) = 0. Indeed, this is not an inner 
product, so this does not only hold when L = 0. 


Definition A.3.16. An almost Dirac structure on M is a sub-bundle 
LI < 1M which is maximally isotropic. L is called a Dirac structure if 


[P(Z),P(L)] < PZ). 0 


An important class of Dirac structures is determined by foliations. 
This is where we can use the theorem of Frobenius. 


Example A.3.17. Let D c TM bea (regular) distribution. We define 
Ann(D), := {ae TM | a(v) =0 Vue Dy} 


This determines a sub-bundle of T* M called the annihilator of D, 
and we denote it by Ann(D). Then by construction, D @ Ann(D) < 
TM is maximally isotropic. This defines a Dirac structure if and only 
if [[(D), (D)] < TD). By Frobenius’s theorem, this is equivalent to 
D being completely integrable. .) 


We now give the definition of a Lie algebroid. 


Definition A.3.18. A Lie algebroid is a vector bundle E “> M with 
a bracket [-, -] such that (I'(£), [-,-]) is a Lie algebra. Furthermore, 
there is a vector bundle morphism p : E — TM called the anchor, 
such that [X, f-Y] = p(X)f-Y + f- [X,Y] forall X,Y € T(E), 
feCc?(M). % 
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We have encountered several of these in the text above. 


Example A.3.19. Let (M,II) be a Poisson manifold, and define p : 
T*M — TM by p(a) =II(a,-). Define a bracket on I'(T* M) by 


[a, 6] = Loayh > Lop) — dll(a, B) 


Then the triple (T* M, |-,-], 9) is a Lie algebroid. ?) 


Example A.3.20 (See [Cougo]). Let L < TM bea Dirac structure 
on M and define p := pr|z, where pr : TM — TM is the natural 
projection. Let [-, -]c be the restriction of the Courant bracket to I'\(L). 
Then (LZ, |-, -]c, p) is a Lie algebroid. 0) 


Exercise A.3.21. Find a Lie algebroid structure for a given symplectic 
structure (M,w). * 
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Connections on Vector Bundles (B. Brongers) 


B.1 Generalising the Exterior Derivative 


We will consider real vector bundles, but the following concepts ap- 
ply equally well to complex vector bundles. In the course, we were 
introduced to the exterior derivative. It is a differential operator, 
which generalises concepts from calculus to smooth functions on 
smooth manifolds f : 1 — R. Such functions can also be viewed as 
sections of the trivial line bundle M x R + M. The ring of smooth 
sections of this bundle is then [(M,R) = C”(M). As we know by 
now, the exterior derivative is a derivation of this ring. That is, in 
addition to being a linear operator, it satisfies the Leibniz rule. Con- 
nections are the answer to the following question: can this notion 

be extended to arbitrary vector bundles? The difficulty lies in the 
fact that for the trivial bundle M x R*, we have a canonical way of 
identifying the fibres. Indeed, if x,y € M, we have the canonical 
isomorphism {x} x R* — {y} x R* given by (x,e) > (y,e). This 
does not hold true for vector bundles in general (of course, the fibres 
are isomorphic - but not canonically so). However, it is instructive 

to first consider the slight generalisation from M x R > M to 

E = M x R* +s M. The space of smooth sections I'(E) is now natu- 
rally a module over C” (1). We can extend the exterior derivative to 
E in the following natural way. 


Definition B.1.1. Let E be the trivial vector bundle of rank k. Let 
s=(fi,.--, fx) € T(E) and X ¢ T(TM). We define VE" : T(E) > 
T(E) by 

Vo's = (dfi(X),...,dfn(X)) 


and call it the canonical connection on E. © 


Notice here that we made use of the crucial fact that every section 
of the trivial bundle can be written as a k-tuple of sections of the 
trivial line bundle. As a consequence of the known properties of the 
exterior derivative, we have the following result: 


Proposition B.1.2. [f we instead view V"" :T(T'M) x T(E) > T(E), 
then V“" satisfies: 


1. VERS =F VX's 
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2. VE"F +8) =X(f)-s+ f- VX"s 

Notice how these properties are analogous to those of the exterior 
derivative. If f,g ¢ C°(M) and X e I(T M), then df(gX) = g- df(X) 
and d(f -g)(X) = df(X)-g + f- df(X). 
Definition B.1.3. Let E “> M be an arbitrary vector bundle. Any 
R-linear map V : (7M) x T'(£) — I(£) satisfying the above two 
properties is called a connection on E. That is: 


ats V 5x8 = [Vxs 
2. Vx(f-8)=X(f)-s+f-Vx(s) 
) 


Using the canonical connection on a trivial bundle and a partition 
of unity, one can show (exercise) that any vector bundle admits a 
connection. To this end, first prove that a convex linear combination 
of connections again defines a connection. The following result 
shows that, once we have a connection, we actually get an affine 
space of connections. 


Proposition B.1.4. Let E be a vector bundle over M. Suppose that A € 
Q!(M) ®r End(E). Let V bea connection on E. Then V + Aisalsoa 
connection on E. 


Proof. Denote V’ := V + A. 
1. Vexs = VexstA(fxX)s = fVxs+ fA(X)s = fVixs 


2. Vx(f-s) = Vx(f-s)+A(X)(f-s) = X(f)-st+f-Vxst+f-A(X)s = 
X(f)-st+fe-Vys 














If FE is trivial of rank k, then the above assumption just means 
that Aisak x k matrix of 1-forms. In fact, if V is a connection on 
the trivial vector bundle of rank k, we can always write V = d+ A 
for some matrix of 1-forms, and this A is called the local connection 
1-form. 


Remark B.1.5. We can take the wedge product of matrices of 1-forms 
as follows. We use standard matrix multiplication, but instead of 
scalar multiplication in the entries, we use the wedge product. For 


dx dy ‘ dy dz\ 0 dx a dz 
dy dz dx dy}  \—dx a dz 0 


example: 


0) 
The defining property of the local 1-form is given in the following 
exercise: 
Exercise B.1.6. Let e = (e€1,...,e%) be a local frame for E. Show that 


Ve = eA, where we are viewing vectors as rows. * 


CONNECTIONS ON VECTOR BUNDLES (B. BRONGERS) 


The terminology arises from the fact that every vector bundle 
is locally isomorphic to the trivial bundle, so we can express the 
connection locally in terms of this connection 1-form. Suppose that 


®: Blu, > Ug x R* Og: Ely, > Ug x R* 


are two local trivialisations for E. Then we can ask ourselves how 
the connection 1-forms are related, when we restrict to the intersec- 
tion U.g. As we know, a trivialisation is equivalent to a local frame 
for E. Let ®, correspond to {e;}*_, and ©, to {e/}*_,. Then there 
exist a smooth map ¢ag : Uag — GL(k,R) such that e’ = edag. 
Consequently, using the Leibniz rule, we find: 


Ve = V (e¢ag) = (Ve)oags + edobog = (eAg) bags a edbap = 
(e653) Aabas = (e653) dbap = e' (bz 3 Aabop + b,,3¢ba8) 


Thus, we have that Ag = $npAabap + $,3d¢ 3. Notice that this 
does not transform tensorially. A remarkable fact that we will show 
later, is that applying V twice results in an operator which does 
transform tensorially. This will be the curvature of V. Before we end 
this section, we give one important way of obtaining connections. 
Every vector bundle is a sub-bundle of a trivial vector bundle of 
sufficiently high rank. This trivial bundle has a canonical connection. 
Consequently, the following result is often useful. 


Proposition B.1.7. Let EF C E’ be a vector sub-bundle. Let wm, : E!, > Ey, 
denote fibre-wise projection, which we assume to result in a smooth map 

a: E' — E. Let V' be aconnection on E’. Then V := 1 0 V' defines a 
connection on E. 


Proof. We take linearity to be given. Let s e [(£) and X e T'(7'M). 
Note that 7(s) = s. 


1. Vexs=T0Vixys=a(f- Ves) =f- (to Vs) =f: Vxs 


2. Vx(f-s) = (Vx (f-s)) = m(X(f) st f-Vxs) = X(f) s+ f-Vxs 














B.2. Geometric Intuition 


Let’s examine geometrically what a connection is. We will again do 
so ona trivial vector bundle E = M x R*. In the case of the canonical 
connection, we are identifying the fibres in terms of ’flat slices”. The 
notion of flatness will be given a precise meaning in a moment. 


Example B.2.1. Let M = Rand E = R?, which is the setting for 
highschool calculus. Sections of E can be written as functions f(z). 
Furthermore, a 1 x 1 matrix of differential forms is just an ordinary 
differential form df. Let f(x) = ax + b, so that df(x) = adz. Define 
a connection on E by V := d — adx. Ordinarily, we would say that 
functions of the form g(x) = care flat, because dg(x) = 0. But now, 
we have Vg(x) = —acdw. If we consider the function g(x) = e*”, then 
dg = ag(x)dx. Consequently, Vg(x) = ag(x)dx—ag(x)dx = 0. Should 
we call g(x) flat with respect to V? ©) 
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The example above illustrates informally how we identify the 
fibres of a vector bundle, using the connection, to inform our notion 
of “flatness”. Formally, this is done through parallel transport. 


Definition B.2.2. Let E be a vector bundle over M@ andy: I — M 
a curve. There is a linear map Py : Ey) > E,1) called parallel 
transport along ¥. .) 


For an arbitrary vector bundle, we would need to introduce the 
notion of the pull-back connection to give an explicit equation for 
parallel transport. Instead, we continue to restrict ourselves to trivial 
vector bundles. In this case, consider ¥ : I — E, which is a curve 
in E such that 7(¥) = 7, and is called a lift of 7 to E. We can write 
V(t) = (11(t),.--,ye(t)) since we are assuming E to be trivial. Then a 
lift of 7 is said to be flat with respect to V = d+ A if 


This is just a system of ordinary differential equations. Parallel trans- 
port is the precise way in which a connections identifies the fibres of 
the vector bundle. 


Exercise B.2.3. Consider the vector bundle E with connection from 
B.2.1. We see that flat paths are given by function of the form g(x) = 
ce*” with c € R. Do these paths give a foliation of E? If we instead 
take V = d — xdz, calculate the flat paths in FE and give the parallel 
transport maps. *k 


B.3 The Curvature of a Connection 


Every connection has an associated curvature. Intuitively, we might 
think of the curvature as the ” failure of the partial derivatives to 
a? 2 


ny s . a 
commute”. In ordinary Euclidean space, we have 3755 = g5,7 $0 the 


derivative operators do commute. 


Definition B.3.1. Consider the operator Ry : T(TM) x I'(TM) x 
I(£) > I'(£) defined by 


(X,Y, 8) (VxVy — Vy Vx — Vix,y))s 


Ry is called the curvature tensor of V. It is C”(/)-linear in all 
arguments, and skew-symmetric in X and Y. Therefore, it defines 
an element Fy € 2?(M) @p End(£) called the curvature form of V. 
We also simply write F instead of Fy when the connection is clear 
from the context. 0 


The curvature of a connection can be interpreted in several differ- 
ent ways. For computational reasons, the following is a very useful 
result. 


Theorem B.3.2. Let E = M x R*, and let V = d+ A bea connection on 
E. Then F=dA+An A. 


CONNECTIONS ON VECTOR BUNDLES (8. BRONGERS) 


Proof. We calculate how R(X, Y) acts on a local frame e, using B.1.6. 
First, we have 


VxVye=VxA(VYjJe=XA(Y)et+ A(Y)Vxe = XA(Y)e+ A(Y)A(X )e 
The expression for Vy V x is derived similarly. It follows that 


R(X,Y)e = (XA(Y) - YA(X) — A([X,Y]))e + (A(X) A(Y) — A(Y)A(X)e = 
dA(X,Y)e+ An A(X,Y)e = (dA+ An A)(X,Y)e 


Where we have used the formula for the exterior derivative on 1- 
forms, which is 


du(X,Y) = Xw(¥Y) — Yw(X) — w([X, Y]) 














Exercise B.3.3. Use B.3.2 to prove that Fg = ba pFabap: This shows 
that the curvature of a connection doees transform tensorially, which 
means F' € 27(M, End(£)) defines a global 2-form. * 


Notice that for a line bundle, the local connection 1-form is an 
ordinary differential form. In this case, we find A ~ A = 0, whence 
F = dA. This is actually the origin of the notation A and F for 
the connection and curvature, respectively. Classically, F would be 
the electromagnetic tensor, and A would be the electric potential. 
However, to see the exact relation, we would need to investigate 
principal bundles, which is somewhat beyond our scope. 


Example B.3.4. We return to the previous example B.2.1. Since we 
have a line bundle and local connection 1-form given by —cdz, the 
curvature of this connection is 0. Indeed, if M is a 1-dimensional 
manifold, and A = f()dz is the local connection form for a rank 1 
vector bundle over VM, then F = dA = of dx A dx = 0,so0 all rank 1 
vector bundles over 1-dimensional manifolds are flat. © 


Theorem B.3.5 (Fundamental Theorem of Riemannian Geometry). 
Let (M, g) be a Riemannian manifold. Then there exists a unique connec- 
tion on the tangent bundle TM called the Levi-Civita connection, which 
satisfies VX, Y)g =(VX,Y)qg +<(X, VY), forall X,Y € T(L£M). The 
curvature of this connection is called the Riemann curvature tensor. 


Our example above illustrates that any 1-dimensional manifold is 
flat. This isn’t necessarily intuitive, given the shape of a circle. 


Exercise B.3.6. Use B.1.7 to induce a connection on T'S”, where we 
take. : S? — R® and give R? its standard metric g. Show that the 
induced connection is the Levi-Civita connection of the pullback 
metric v* g, and calculate the curvature tensor. * 


We conclude this section with one particular interpretation of 
curavture, in the spirit of the previous chapter. Another will be 
given in the next section. What we explain here generalises naturally 
to principal bundles as well. First, we note that a vector bundle is 
itself a smooth manifold, so it has a tangent bundle TE. Associated 
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to each vector bundle, we have the canonically defined differential 
dr: TE — TM. The vertical sub-bundle V of TF is defined as ker 7. 
A connection can then also be seen as a sub-bundle H of TE such 
that TE = H @ V, subject to some compatibility conditions. This H is 
called a horizontal sub-bundle. It is determined by the derivatives of 
flat paths in E, which is where the adjectives horizontal and vertical 
come from. Now, another interpretation of curvature can given as 
follows: 


Theorem B.3.7. The distribution H determined by a connection V is 
integrable if and only if its curvature vanishes. 


The proof of this theorem uses the Frobenius theorem from the 
previous chapter. This result has a more natural interpretation in the 
context of connections on principal bundles, and we encourage the 
reader to explore this material. 


B.4_ The Exterior Covariant Derivative 


One of the defining properties of the exterior derivative is that d? = 
0. This property gives rise to the chain complex from which we 

can compute the de Rham cohomology of a manifold. We will now 
explore how every connection gives rise to a so-called covariant 
exterior derivative dy, which does not generally satisfy d, = 0. The 
obstruction to this is precisely going to be the curvature associated 
to V. When defining d : Q*(M) — **1!(M), we extended the 
differential d : C°(M) — T* M to exterior powers of the cotangent 
bundle. We will now use the same formula to define dy, except with 
V in place of the differential. 


Definition B.4.1. We define the covariant exterior derivative dy : 
0*(M, E) > O**1(M, E) by 


k+1 k+1 


A A 


Ss (-1)'T'Vx,0(X1 et) xe, Hess ,Xk41) ik >» (-1)*9 41 (LX, X5], X41, are Xi; seats xX; 


i=1 i<j 
0) 


We have a natural module structure for @, 2*(M, E) over the 
ring @, 2*(M). Let w € O*(M) and n € 2" (M, E). The covariant 
exterior derivative satisfies 


dy(w An) = dw an+(-1)*w a dyn 


Exercise B.4.2. Show that dw = F ow for all we 2*(M, E). * 


Any connection V on E induces a connection V'™4 on the vector 
bundle End(£). One way to see this is as follows. Given a connec- 
tion V on E, we can define the dual connection V* on E*. To see 
this, consider the natural pairing E x E* — C%(M) given by 
(5,0) > O(s) := (8,0). 


CONNECTIONS ON VECTOR BUNDLES (8. BRONGERS) 


Exercise B.4.3. Verify that the connection V* on E* defined by 
(V*6)(s) = d(@(s)) — 0(Vs) 
for s € [(£) is indeed a connection. * 


Proposition B.4.4. Let (E,V) and (E", V’) be vector bundles with 
connections. Then these connections combine to give a connection V @ V' 
on E ® E’, defined by 
V@V'(s@s') =(Vs) @s' +5 @(V's’) 

Proof. We take linearity for granted. Let s « ['(£) and s’ e€ T(E’). For 
the first property of a connection, we calculate: 

(V@V')sx(s@s') = (Vex(s))@s' +8@(Viex8') = 

(fV xs) @s' +8@(fVixs') = f(V@V')x(s@s') 


For the second, we have: 


(V @V’)x(fs@s') = (Vxfs) @s8' + fs@(Vxs') = 
(Xf)s+ fVxs) @s' + fs@(Vxs') = 
(Xf)s@s'+ f(Vxs) @s' + fs@(Vxs') =(Xf)s@s' + f(VOV')x(s@s') 














Now, if we have a connection on EL, this gives us a connection on 
E @ E* = End(£), by the two results above. Explicitly, it is given as 
follows. Let y ¢ ['(End(£)) and s € T(E). Then 


(V*"p)(s) = V(y(s)) — 9(Vs) 


As a result, from the definition of the exterior covariant derivative, 
we get the following equation: 


(dyemayp)(s) = dy (y(s)) —e A Vs 


Note here that there exists a natural well-defined wedge product 
A : O*(End(E)) x Q* (BE) > Q*+*'(B). The following result is 
one that has important implications in physics, as well as in the 
classification of vector bundles through characteristic classes. It is 
known as the Bianchi identity. 


Theorem B.4.5. Let (E, V) be a vector bundle with connection, and let F 
be its curvature. Then 
dyenaF = 0 


Proof. We use B.4 to compute 


(dymaF’)s = dy(F(s)) — F(Vs) = dis —dis =0 
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